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Q ■ Abstract 

' We prove — > L°° estimates for charge transfer Hamiltonians H{t) in R" for n > 3, followed by 

. a discussion on W^'P W'^'^ estimates for the same model, where 2 < p < oo and ^ + ^ = 1. 

Csj ' Then, geometric methods are developed to establish the time boundedness of the H'^ norm for 

the evolution of charge transfer operators and asymptotic completeness of the Hamiltonian H{t) 
in the H'^ norm, where k is any positive integer. 

00 

O '. 1 Introduction 

This paper is devoted to the study of the model corresponding to the time-dependent charge transfer 

O Hamiltonian 
■ m 

Hit) = --A + ^V,{x-v,t) 

, with rapidly decaying smooth stationary potentials Vj{x) and a set of mutually distinct constant 
^ I velocities vj. First we focus on the L°° dispersive estimate for the solutions of the time- 

dependent problem 

-dtij + H{t)tij = 
X ■ ' 

\^ • associated with a charge transfer Hamiltonian H{t). This kind of dispersive estimate has been 
studied intensively during the past twenty years. The starting point is the well-known estimates 
for the free Schrodinger equation [Hq = — |A) on M": 

||e^*^°/l|L. <Cp|r"^^"'^ll/llL.', +oo>p>2, - + ^ = 1. 

p p 

Writing the evolution as a convolution operator, the estimate is straight forward. One application 
is that they imply the Strichartz estimates 

\\e''''''f\\^Lr<Cg\\fh2, 2<r,g<oo, ^ + | = ^, n>3 [GV, KT] 



*The paper is for the author's candidacy of Ph.D. thesis at Caltech. The author feels deeply grateful to his advisor 
Dr. Wilhelm Schlag. His influence can be seen in every page. The author also wants to thank Rowan Killip for his 
very helpful comments. 
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Such estimates play a fundamental role, among other things in the theory of nonlinear dispersive 
equations. The extension of such theories motivated the efforts to establish the decay estimates 
for the general time independent Schrodinger operators of the type H = — + V{x). In this case 
there may be bound states, i.e., eigenfunctions of H. Under the evolution e~^^^ , such bound 
states are merely multiplied by oscillating factors and thus do not disperse. So we need to project 
away any bound state and the estimates should take the form 

(1.1) ||e-'*^Pc(^)V'o||Lp <Cp|tr"(5-i)||^o|| p>2, i + i = i, 

p p 

(1.2) ||e-^*^Pe(^)/||r^L'- < CMl^ for 2 < <7 < oo, - + - = 5, n > 3 

where Pc{H) is the projection onto the continuous part of the spectrum of the self-adjoint operator 
H. 

Before and H1.2() were established. Ranch 0, Jensen and Kato |JKj . and Jensen p] 

proved the dispersion of e~^^^ Pc{H) in weighted spaces. Ranch required exponential decay 
of the potential, whereas Jensen and Kato assumed polynomial decay of a certain rate. Because 
the L? norm is preserved by the evolution, we need only prove for the case where p = 00 

by interpolation. There are several approaches to the proof of In |Yalj . Yajima proved 

that the wave operators are bounded on the Sobolev spaces W'^''^ and is a consequence of 

the intertwining property of the wave operators. In |JSSj . the evolution operator is expanded by 
Duhamel's formula and its cancellation property was explored. Their proof splits into two parts: 
a "high energy" estimate, which holds for all potentials, and a "low energy" estimate where some 
spectral property of H is assumed. This approach is generalized in jRSSlj to prove a "weak version" 
of the dispersive estimate of H{t) (see inequality (|1.13|) ). The first goal of this paper is to extend 
this idea further and prove the dispersive estimate of H[t). Recently, M. Goldberg and W. Schlag 
( |GSj ) proved (|1.H) with much less restrictive conditions on the potential in M} and M^. Their 
method is expected to give in all dimensions. 

We proceed by defining the charge transfer model and specifying our basic assumption. 

Definition 1.1. By a charge transfer model we mean a Schrodinger equation 

(1.3) \dti^ - + EZi Vk{x - v^t)^ = 

where are distinct vectors in M", n > 2>, and the real potentials are such that for every 
1 < K < m, 

1. Vk is time independent and has compact support (or fast decay), V^, VV^ G 

2. is neither an eigenvalue nor a resonance of the operators 

Recall that tp is a resonance if it is a distributional solution of the equation Hi^ijj = which 
belongs to the space LF'{{x)~'' dx) for any cr > |, but not for o" = 0. 
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The conditions in the above definition is always assumed when we prove and apply the dis- 
persive estimates, i.e. Theorem 11.71 and Theorem 11.81 The conditions are not for optimal, but for 
convenience. This definition is standard, see |Grj . (Ya2j . The Schrodinger group e~**^" is known 
to satisfy the decay estimates (see Journe, Soffer, Sogge |.TSSj and Yajima jYalj ) 

(1-4) ||e-^*^'=Pe(i^.)V'0||L- < \t\-^Uo\\L^ 

for n > 3 under various conditions on the potential. Here Pc{Hi^) is the spectral projection onto the 
continuous spectrum of H,^ and < denotes bounds involving multiplicative constants independent of 
^po and t. For n = 3, |GSj proved H1.4|) under the assumption that |Vk(x)| < C(1 + for some 

/3 > 3. For n > 3, H1.4|) holds QJSSj 'l under the additional assumption: J^(Vk) G L^. Yajima jYalj 
proved (|1.4j) with slightly weaker conditions than |.TSSj . We shall assume that J'iV^) e to 
guarantee the estimate (|1.4() . except in Section 5. 

To establish similar dispersive estimates for time dependent Schrodinger equations is more in- 
volved. Heuristically, we can't project away the bounded states as they are moving in different 
directions. Rodnianski and Schlag |RSj proved dispersive estimate for small time dependent po- 
tentials. In this paper, we will focus on the charge transfer model. 

An indispensable tool in the study of the charge transfer model are the Galilean transforms 

(1.5) Q^^y{t) = e-^^*e-*^-V(^+*'^>P, 

cf. [(irrj . where p= — iV. Under Q^^y{t), the Schrodinger equation transforms as follows: 

(1-6) S.-y(t)e**^ = e**^0.-y(O) 

and moreover, with H = — -|- V, 

(1.7) m ■■= 9v,y{t)-'e-'''' 9v,ym0, , Qv,yit)~' = e-'yU-v,-y{t) 

solves 

(1.8) \dti^-^AtP + V{--tv-y)ij = 

V'|i=o = 4'o- 

Since in our case always y = 0, we set Qi;{t) := Qi;fi{t). Note that the transformations 0^;,y(t) 
are isometries on all spaces and Bei(i)~^ = 0-ei(i) because of H1.7|l . In the following, we shall 
assume that the number of potentials is m = 2 and that the velocities are vi = 0,V2 = (1, 0, ... 0) = 
ei. The arguments generalize easily to m > 3. 

We now introduce the appropriate analog to project away bounded states for the problem 

(1.9) -at^-^A^ + yi^ + y2(--tei)V' = o 

i>\t=o = i'o 

with compactly supported potentials Vi,V2- Let ui,...,Um and wi,...,W£ be the normalized 
bound states of Hi and H2 corresponding to the negative eigenvalues Ai, . . . , Xm and jii, . . . , m, 
respectively (recall that we are assuming that is not an eigenvalue). We denote by Pb{Hi) and 
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Pb{H2) the corresponding projections onto the bound states of Hi and i?2, respectively, and let 
Pc{Hf^) = Id — Ph{Hfj_), K = 1,2. The projections Ph{Hi^2) have the form 

m i 
Pb{Hi) = '^{-,Ui)ui, Pb{H2) = '^{-,Wj)wj. 
i=i j=i 

The following orthogonality condition in the context of the charge transfer Hamiltonian was 
introduced in (RSSlj . 

Definition 1.2. Let U{t)ilJo = '4'{t,x) he the solutions of ()1.9|) . We say that ipQ (or also ilj{t,-)) is 
asymptotically orthogonal to the bound states of Hi and H2 if 

(1.10) \\Pb{Hi)U{t)^o\\L^ + \\Pb{H2,t)U{t)tPo\\L^ ^ as t ^ +00. 
Here 

(1.11) Pb{H2,t) := Q_-i^{t)Pb{H2) Qelit) 
for all times t. 

Remark 1.3. From Corollarv 12.31 ||C^(i)V'o||Lp ^ C'tUV'ollip' 1 we know that U{t)ipQ G is well- 
defined for ^0 £ L'P' . As the bound states Ui,Wj are exponentially decaying at infinity, Definition 1 1.21 
makes sense for any initial data tpo E for p' G [1,2]. 

Remark 1.4. Clearly, Pb{H2,t) is again an orthogonal projection for every t. It gives the projection 
onto the bound states of H2 that have been translated to the position of the potential V2(- — tel). 
Equivalently, one can think of it as translating the solution of H1.9() from that position to the origin, 
projecting onto the bound states of H2, and then translating back. 

Remark 1.5. From Proposition 3.1 of |E,SSlj . the decay rate of (|l.lfl|) is actually exponential. More 
precisely, the following holds: 

(1.12) \\Pb{Hi)U{t)i;o\\L2 + \\Pb{H2,t)Umo\\L^ < e-'^'^oh^, 
for some a > 0. 

Remark 1.6. It is clear that all ipo that satisfy (|1.1U|) form a closed subspace. This subspace coincides 
with the space of scattering states for the charge transfer problem. The latter is well-defined by 
Graf's asymptotic completeness result jGr| . 

We can only expect the dispersive estimate for (|1.9() for the initial data satisfying Definition ll.21 
just as we have to project away the bound states for (|1.4j) . Rodnianski, Schlag, Soffer ^RSSlj 
established the following estimate 

(1-13) ||[/(t)^o||L2+L- < {ty'^Uoh^nL^- 

with initial data ipQ £ f] satisfying (|l.lUjl . where U{t) is the evolution of the charge transfer 
model and (t) = (1 + 1^)^ . By definition, ||/||l2+l°° := inf/=/i+g(||/i||L2 + \\g\\L°°) and ||/||LinL2 = 
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II/IIli + (|1-13() has important application to the asymptotic stabihty and asymptotic com- 

pleteness for the small perturbation of non-colliding solitons for NLS f jRSS2j ^. 

|RSSlj decomposes the evolution into different channels according to each potential. Every 
channel splits into a large velocity part and a low velocity part. For the large velocity part, they 
employed Kato's smoothing estimate; for the low velocity part, a propagation estimate is used. In 
this paper, we will combine the methods from |,TSSj and |E,SSlj and obtain the following: 

Theorem 1.7. Consider the charge transfer model as in Definition M. 1\ with two potentials, cf. H1.9() . 
Assume Vi,V2 € Let U{t) denote the propagator of ()1.9() . Then for any initial data 

V'o £ , which is asymptotically orthogonal to the bound states of Hi and H2 in the sense of 
Definition M.^ one has the decay estimates 

(1-14) \\U{t)lPo\\L^ < ir^llV'ollLi- 

An analogous statement holds for any number of potentials, i.e., with arbitrary m in 

Inspection of the argument in the following sections shows that it applies to exponentially 
decaying potentials, say. But also sufficiently fast power decay at infinity is allowed. We shall 
prove (|1.14|) by means of a bootstrap argument. More precisely, we prove that the bootstrap 
assumption 

(1.15) ||?7(t)V'o||L- < C'oltr^ll^ollLi forallO<t<r 
implies that 

(1.16) \\u{t)^Q\\Loo <^\t\-~'iUo\\L^ forall 0<t<r. 

Here T is any given fixed large constant and (|1.15)) holds for Cq, some sufficiently large con- 
stant because of Corollary 12.31 Cq may depend on T at the beginning. The above implication 
p.l5|) =^ (|1.16|) holds as long as Cq is larger than some universal constant independent of the 
time T. Thus iterating (|1.15|) =^ (|l.l(i|) then yields a constant that does not depend on T. The 
theorem follows by letting T — > +00. 

As the norm of U{t)iljQ remains constant, by interpolation, the following holds: 

(1.17) r(t)V'o||LP<Cp|tr"(5-|)||^olLp' P>2, - + ^ = 1. 

p p' 

Our next theorem is about the decay estimates of d"U{t)^Q, where a = (qi,--- ,«„) is an 
n-tuple of nonnegative integers and d" = g^^i^ g^^n ■ We write |a| = ai + • • • + q^. 

Theorem 1.8. LetU{t) denote the propagator of the equation ()1.9|) . Assume H1.4|) holds for Hi and 
H2. Let Vj G C^+^ where K is a positive integer and j = 1,2. Moreover, assume that for V|/3| < k 

and j = 1,2, d^^Vj G L^{W^). Then for any initial data -00 S W'^''^ , which is asymptotically 
orthogonal to the bound states of Hj (j = 1,2) in the sense of Definition M.^ one has the decay 
estimates 

(1-18) \\U{t)M\w^^^ < |tr"^^"^^l|V'o|lvF'',p'. 

where 2 < p < 00 and | + ^ = 1 ■ 
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Remark 1.9. It suffices to prove Theorem 1 1.81 for p > -^^21 because interpolating with Theorem ll.lfll 
which holds under the assumption of Theorem 11.81 we derive Theorem [?] for any p G [2, +00]. 
p > guarantees that \t\ "^2 < c)o. We need to exclude the case p = 00, since part of 
our proof relies on singular integrals and we do not know whether or not H1.18() holds for p = 00. 

The second part of this paper is motivated by Graf (Grj . Graf proved energy boundedness 
for U{t,s) by a geometric method, where U{t,s) is the solution operator corresponding to the 
time-dependent Schrodinger equation 

1 A 

(1.19) -dt^P -iri^ + Yl - ^J*)^ = 0' 

i.e., tpit,-) = U{t, 8)11)0. |Grj proved that ||C/(t, s)V'o||_ffi is bounded as t — > 00 provided that the 
initial data V'o £ -ff^(M"'), n > 1. For the higher degree Sobolev norms, J. Bourgain IHol proved 
the following for the general time dependent Hamiltonian H{t): 

Suppose the time dependent potential V{x, t) is bounded, real and sup^gjg \ V{x, t)\ is compactly 
supported. Moreover, for any n-tuple a 

sup||D^y(t)|U <C,. 

Then for Ve > and k > 0, 

(1.20) \\U{t,Q)M\H-<CeAA"\\M\H- forallt. 

An example ( |Boj ) is given to show that we can not remove the Itl*^ growth for general time 
dependent potentials. Prom this paper, it is shown that (|1.2fl|) does hold with e = for the 
case of the charge transfer Hamiltonian. More precisely, in Section 4, the time-boundedness of 
||C/(t, ■s)'i/'o||H« for Charge Transfer Models is established by the same geometric method as in |Grj 
for any real number k. We write \x\ as the least integer no less than x. The precise statement is 
as follows: 

Theorem 1.10. Let U{t,s) be the evolution operator for H1.19() . and let k €M. and the dimension 
n > 1. Furthermore, suppose Vj £ Cq''"'^ (I^"), (i = 1, 2, • • • , m), i.e. Vj has derivatives up to degree 
WkII, which are all continuous and compactly supported. Then for \/t, s G M. 

\\U{t,s)lpo\\H'- < C^\\'4>o\\h'-, 
where depends on k and the potentials Vj. 

Remark 1.11. By interpolation, it clearly suffices to consider the case where k is an integer. By 
duality, it suffices to prove the case where k is a positive integer. Indeed, assuming k < 0, due to 
the fact that U{t,s) is unitary on L-^(M"), we have 

\\U{t,s)Tpo\\H- = sup {U{t,s)i)Q,(l))L2 
11011^-^=1 

= sup (V'o,f^(s,i)'/'>L2 < C-kII^oII//-- 
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No assumption is made on the spectra of the subsystems Hj. The assumption of compact 
support of Vj is for convenience only and the proof works for sufficiently fast polynomial decay 
at infinity without essential change f |Grj ^. Suppose all assumptions of both Theorem 11.81 and 
Theorem II . 101 hold, then by interpolation, the estimate (|1.18|) holds for 2 < p < oo. 

Remark 1.12. It follows from Duhamel's formula and Gronwall's inequality, that 
(1.21) \\U{t, s)i^o\\H^ < C{I)Uo\\h^ t,sGl, 

for any compact interval /. Therefore, it suffices to prove Theorem II. 101 when \t\ or |s| is large. 

As an important consequence, we apply Theorem II. 81 and Theorem II . 101 to obtain the following 
asymptotic completeness for the charge transfer model in the H'^ sense: 

Theorem 1.13. Let ui, . . . ,Um and wi, . . . ,we be the eigenf unctions of Hi = + Vi{x) and 
H2 = —^-+^2(2;), respectively, corresponding to the negative eigenvalues Ai, • • • , Am and fj-i, - ■ ■ , /x^ . 
Assume that Vj G Cq'^^'^'^'^(M"), (n > 3, j = 1,2), and that is neither an eigenvalue nor a 
resonance of Hi,H2, where k is a nonnegative integer. Then for any initial data ipo G , the 
solution U{t)tpo of the charge transfer problem H1.9|) can be written in the form 

m I 

U {t)^o = ^re"^^'-*n, + Bke-'^""' Q.g^ {t)wk + e-^'^cPo + 7^(^), 

r=l fc=l 

for some choice of the constants Ar,Bk and the function (j)Q £ if. The remainder term TZ{t) 
satisfies the estimate 

\\n(t)\\H'^ — > 0, as t^ 00. 

Remark 1.14. The above theorem holds for m potentials. We are not aiming to give the optimal 
regularity condition on the potentials. The theorem is equivalent to claiming that H'^{W^) is the 
sum of the ranges of the wave operators (/ = 0, 1, 2) defined in Section 6.1. |Grj proved that 
the ranges of the wave operators are orthogonal to each other in the sense. Therefore, ff'^(M") 
again is a direct sum of Q'^{H'^). 

2 Cancellation Lemma 

The first ingredient of our proof is the notion of cancellation. In this section, U{t) will denote the 
evolution operator of (|1.9|) or H1.3|) . It is clear from their proofs that the following lemmas also 
hold for general time dependent Hamiltonian Hq + V{t). 

Lemma 2.1. 

(2.1) sup ||e^*^l^e-^*^||p_.p < lli/lli, 

— oo<t<oo 

where p E [1, 00] and || • \\p^p means the operator norm from to L^. For the proof of the lemma, 
just notice that equation H1.6|) implies [e**^e*^^e~**^/](a;) = g_^(2t)/(x) = e~**l''l^e"'^/(x — 2(t). 
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Lemma 2.2. Suppose t,s £M, then we have the following: 



(2.2) sup ||e-^(*-")^°y(r)C/(s)||i_oo < \t\~^CMe^\'\, 

where M = maXreR II ^('") 111 < oo. 

Proof. Let's write ^(t,s) := suprm\\e~'^^~''^^°V{r)U{s)\\ i_^oo- Without loss of generality, we 
suppose that s > 0. By Duhamel's formula, 

"^(*-')^°y(r)C/(s) =e-^(*-')^°y(r){e-'^^o -i f e-'^^'-^^^'W {t)U {T)dT} , 

Jo 



e 



s 



it follows that 

< ||e-^(*-^)^°y(r)e-^^^°||i_.oo+ / \\e~''^'-'^^°V{r)e-'^'-^'>^W{T)U{T)\\i^^dT 

Jo 

< C||y(r)||i|t|-5 + ||y(r)||i r ||e-*(*--)^«F(r)t/(r)||i_oo^ir 

Jo 

f-S 

< CM|t|-t +M / ^'(t,r)dr. 

Jo 

Taking the supremum over r, we get ^'(t, s) < CM\t\~^ + M Jq ^'(t, rjdr. By Gronwall's inequality, 

^{t,s) < CM\t\~'^e^^'. 

□ 

Note that the lemma still holds with other constants C and M on the right-hand side if we 
replace V{r) with Vj{r) or replace U{s) with another evolution, say e~^'^^K Another observation 
is that the lemma can be generalized to the following by the same proof: 

(2.3) sup||e-*(*-^)^«y(r)C/(s)V^o||p < |t|-^Me^^||V^o||p' 

reK 

where 7 = n(^ — |) and 2 < p < 00, ^ + ^ = 1- This will be useful in Section 4. 

Corollary 2.3. Suppose U{t) is the evolution operator of (|1.9|) or (|1.3)) . Assume t > 0, then 

(2.4) l|C/(i)llp'^P<i""^^~'^e*^* - + ^ = 1, 2<p<oo 

Proof. By Duhamel's formula, U{t) = e''^"^ - i e-'^^-^'>"oV{T)U{T)dT. Write 7 = n(i - |), 
then by Lemma 12.21 we have 

\\U{t)\\p>^p < Ct-^ + / ■^{t,T)dT < Ct-^ + / Ct-^Me^^dT < Ct-^e^* 
Jo Jo 

□ 
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From the corollary, the bootstrap assumption ()1.15|) holds for any time T if we take Cq = Ce^^'^. 
Lemma 2.4. Suppose m > 1 and e > 0. If ui,U2, ■ ■ ■ , Um are either all positive or all negative, 

■I 3 = 



satisfying \ > then there exists a constant C = C{m,e) such that 



m—l m 

(2.5) II Yl (e^"^'^«F(sj))e*"'"-^o||i^oo < CM""-^ J|( 

m—l m 

(2.6) II n (e'"^-^°l/(5i))f/(n„.)||i^oo < CM— ^ J]^ 
where sj is any real number and M = sup^gj:j(||y(s)||i + ||V^(s)||i) 



Proof. The first inequality is from |JSSj . Assume that ui,U2, ■ ■ ■ ,Um are all positive without loss 
of generality. We apply the dispersive estimate for 6*"^^" repeatedly and the left-hand side is 

n 

dominated by CM"^~^YYjLi''^j ^' which is dominated by the right-hand side up to a constant, 
provided each uj > e. If some uj < e, it is inefficient to use a dispersive estimate for e*"j^°. 
Instead, we apply the cancellation lemma ITT] and obtain 



e 



where g^^j^Og^^Cg-^u-jHo -g ^^iq Galilean transform g_^(— Uj) according to H1.6() . If again uj+uj+i < 
e, we can repeat this procedure until Uj^i + ■ ■ ■ + Uj + ■ ■ ■ + uj^i^ > e which always happens because 
I Y^JLi l ^ ^' Then we apply the dispersive estimate to obtain the inequality. 

We sketch the proof of the second equation. When m = 1, it is just H2.4|) provided that Um > e- 
When m = 2, if ui > I and ii2 > f , 

||(e»^^°y(.i))t/(n2)||i^oo < |^xirt||y(.i)[/(^2)||i^i 
< |nirt||C/(n2)||i^oo 
<Krt|n2|-te*^«^<(ni)-t(n2)-te*^"^ 

If ui < I or U2 < ^, we apply Lemma 12.21 

||e»^^«y(si)[/(tX2)||i^oo < (|ni| + |tx2|)-te^^^^ < (ui)- 1 (n2)-te^^"^ 
The case where m > 2 follows exactly as the first inequality using Lemma l2.1l □ 

3 Proof of the decay estimates 

Theorem 11.71 will be proved in this section by a bootstrap argument. By Corollary 12.31 we can 
assume that t is large enough in Theorem 11.71 More precisely, t will be bigger than any constant 
appearing in our estimate, except the bootstrap constant Cq in 1)3. ip . By assumption, Hi,H2 can 
only admit finitely many negative eigenvalues. Let a > satisfy: —a is bigger than any eigenvalue 
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of Hi,H2- For technical reasons, we will assume that the initial data il) belong to n L? and 
employ the following bootstrap argument: 
Specifically, we will show that 

n olT 

(3.1) ||f/(t)^/'o||L- < Co|t|-2(||^o||Li +e-— IIV-oIIl^) for all < t < T, 
implies that 

(3.2) \\U{t)ML^ <^\t\~'^{\\ML^ +(i~'^\\M\L^) for all < t < T, 

provided that ^ remains larger than some constant that does not depend on T. The logic here is 
that for arbitrary but fixed T, the assumption ()3.1|) can be made to hold for some Co depending 
on T, because of Corollary 12.31 Iterating the implication (|3.1|) =^ (|3.2|) then yields a constant that 
does not depend on T. So we can let T — > +cxd to eliminate IIV^oIIlz on the right-hand side. Since 

n is dense in L} and U{t) is a linear operator, we get the dispersive estimate ()1.14() for any 
initial data V'o £ L^- To simplify the notation, we write HV'oIIli + ||'(/;q||^2 as IV'oli^'^^ or |||V'o|||- 

We proceed by expanding U{t) via Duhamel's formula with respect to the free evolution Hq: 



(3.3) U{t)(t)Q = e-**-^Vo - i [ e-^(*-^)^oy(s)C/(s)V'o ds 

Jo 

r-t 

-itHo j - I „-i(t-s)Ho^r( \ -isHo 







t rs 



JO 



(3.4) - / / e-*(*-")^«F(s)e-^(^-")-f^«y(r)C/(r)V'odrds 



Note that ||e ^^^^ V'o I loo ^1^1 ^ II V'o 111- For the second term in (|3.4|) . we divide the integration 
interval (0, t) into three pieces and handle them by means of the cancellation lemma. Firstly, 



1 

i{t-s)Hoi/(„\^-isHo.i.^„\\ _ < \.\-^ „..^\\JsHoi/(„\^-isHo\ 



e-*^*-^^^oy(s)e-*^^oVods||oo < ir^sup||e^^^»y(s)e-*^^«||i^i||V'o||i < ir^HV^ol 



1- 







!^0||1- 



Similarly, we have 

II g-i(t-.)//o^(^)g-i.i/o^Qrfs||oo < |r^sup||e^^^°y(s)e-^^^«||i_i||V'o||i < Itl" 
The third piece is 

II r 'e-^('~'^''°V{s)e-'-^''o^ods\U< f ' |t - s|-t sup ||y(s)|M.|-t ds||V;o||i < ir ^ IIV'olli, 

J I Jl s 

where we observed that 

rt-l 

(3.5) / \t — s\~^\s\~2 ds < t~2 given n > 3. 



1 
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The third term in H3.4() is 



(3.6) ds dTe-^(*-')^oF(s)e-*("-")-^«y(r)[/(r)V'o. 



We will decompose the domain of integration ds dr into several pieces and treat each piece 
separately. We fix ^ > as a large constant and e > as a small constant. Write min{s, A} = sAA. 
Then Lemma 12.41 and p. 5(1 implies that 

t i-sAA 

ds / dr e-'^'-'^"W{s)e-'^'-^'^^WiT)UiT) drdsWi^oc 



ft fs/\A 

< ds dT{t-s)-'^{s-r)-^{T)-^e^'' 
Jo Jo 

By II • ||i^oo5 we mean the operator norm from to However when we apply the bootstrap 

QtT 

assumption, ||V'o||li has to be modified to HV'oIIli + e~~2" ||'(/;q||^2 := |||V'o|||- 
An application of Lemma 12.11 and the bootstrap assumption show that 

ds r dr e~'^^"'^^°V{s)e-'^'-^^^''V{T)U{T) drdsiPoWoo 

't-e Jt-e 

< [ ds f dT\\e-'^^-'^"W{s)e-'^'-^^^''\\i^oo\\V{T)U{T)^l)Q\\idTds 

Jt-e Jt~e 



< dr ds\t — t\ 2 max ||C/(t)-0o| 

Jt~e Jt re(t-£,t) 



't-e 

If n = 3, then the above is dominated by 

rt ^ 
< / dT|t-r|-2C7or?|||V'o||| < V^Coi^^lllV'olll- 

Jt-e 

Taking e small enough, the above term can be dominated by YgQCot~'2 |||^o|||- When n > 3, we 
need to expand U{t) further to remove the singularity of |t — t|~2 at r = t, (see |JSSj Section 2 
for details). The following is another piece of (|3.6|) : 

/' e-*(*-^)^«y(s)e-*(^-")^«y(T)C/(T)V'o drdslloo 
A J A 

t-A t-s 

ds / dr(t-s)-t(s-r)-t||y(r)J7(r)'(/'o||i 
A J A 

rt—A j-s 

< ds (ir(t-s)~t(s-r)-tC7or-t|||V'o||| 
J A J A 

i-t-A 

<Co\m\ ds{t-s)-'^{s)-'^ 

J A 

< coiiiV'oiiir^^A < Y^coiiivoiir^. 
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where ka < Ja°° ds{s)~^ ^ as ^ ^ oo. Lemma ITU and the bootstrap assumption are apphed 
in turn in the above. The last hne of above inequahty holds provided that A is large enough. By 
Corollarv 12.31 we can assume t >> A. Similarly, the following piece in ()3.6|) also requires that A is 
large: 



s—A 



t~A J A 

rt I'S — A 1 

< / ds dr{t - s)-t(s - T)-t||[/(r)V^o||oo < t— Coi^oit-^ 

Jt-A J A J^UU 



So By what remains in (|3.6|) is 



"1 ,-t /.sA(t-e) 

(3.7) ^/ ds dre-'^'-''^^°V{s)e-'^'-^^^''Vj{--TVj)U{T)iPo 

Jt-A Js-A 

For the term containing Vj in 1)3. 7() . U{t) will be expanded with respect to Hj by Duhamel's 
formula. Abusing notation, we will write Vi{- — tvi) as Vi(r). In the following, we only deal 
with the term containing Vi which will be decomposed into two parts by U{t) = Pi){Hi^t)U{t) + 



3.1 Bound States 

Proposition 3.1. Let ^{t,x) = (U{t)iljQ){x) be a solution of H1.9() which is asymptotically or- 
thogonal to the bound states of Hj, j = 1,2 in the sense of DeHnition ll.i^ Provided the bootstrap 
assumption 1)3. 1|) . we have for any t G (0, T) 

(3.8) \\PbiHut)U{t)i;o\\oo < Coe-ft-^iUoh^ + e-'^Uoh^), 
where Cq is the constant in the bootstrap assumption. 

Proof Let U{t) := Qeiit)U{t) and (j){t) = U{t)^Q. Then (/>(t) solves 

(3.9) \dt(t>-\/^(t) + V{- + tv-{)(t) = Q, 
Then \\P^{Hi,t)U{t)M\oo = \\Pb[Hi)U {t)U\ 

oo so without loss of generality, we can assume that 
vi is the zero vector. Suppose that the bound states of Hi are ui,U2, ■ ■ ■ ,ui and we decompose 

/ 

(3.10) [/(O'i/'o = J^a^(^)M^ + ^/'l(^,x) 

i=l 

with respect to Hi so that Pc{Hi)ipi = ipi and Pb{Hi)ipi = 0. By the asymptotic orthogonality 
assumption, 

|aj(t)p — > as t — > oo. 

i=l 



12 



Substituting (IXTUI) into ifO)) yields 



1 Zi 



(3.11) 

i=i 



'^11 

-dj{t)uj — -Aujaj{t) + Vi Ujaj{t) + V2(- — tei)ujaj{t) 



0. 



Since Pc{Hi)'ipi = ipi, we have 
In particular, 

Pb{H^) Q^iVi - ^AVi + Vi^i^ = 0. 

Thus taking an inner product of the equation p.lljl with and using the fact that {u^, uj) = 
as well as the identity 

--Auj + ViUj = XjUj, 

we obtain the ODE 

^ m 

-ai^{t) + X^af^it) + {V2{- - te{)'tpi,Uf,) + '^aj{t){V2{- - tei)uj,Uf,) = 
for each with the condition that 

anit) — > as t ^ +00. 

Recall that is an eigenfunction of Hi = —^A + Vi with eigenvalue < 0. It is well-known (see 
e.g. Agmon |Ag|) that such eigenfunctions are exponentially localized, i.e.. 



(3.12) / e^^l^^l \u^{x)\^ dx < C = C{Vi, n) < oo for some positive a. 

Therefore, the assumption that V2 has compact support implies 

(3.13) \\V2{- - te{)u^\\2 < e""* for all t > 0. 

The implicit constant in 1)3. 13() depends on the size of the support of V2 and ||V2||loo. 
By the bootstrap assumption, /K(t) := (V2(- — tei)ipi,u^) satisfies 



1/^(01 < llV'i||oo||^2(- - te-{)u^h < e-^lV'illoo 
<e-"*||(/d-Pfe(//i))?7(t)Vo||oo 

(3.14) < e-"*t-tCo(||VollLi + e-"^ IIVoIIl^) + e""* ^ \ai{t)\ \\ui 

1=1 
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where t £ (0,T). Notice that (|3.14|) fails for t > T because the bootstrap assumption only applies 
to < t < T. Instead, we have the following for t > T: 



(3.15) < \\V2{- - telKlbllV'ilb < e-"1^o||2. 
In view of (|3.1j) . Ok solves the equation 

(3.16) \a^{t) + \,a^{t) + ZJLi aj{t)Cj^{t) + f^{t) = 

0^(00) = 0, 

where Cj«(t) = C«j(t) = (V^2(- -tei)uj,u^). By (|SISI), max^- « |Cj«(t)| < e""*. Solving 
explicitly, we obtain 

a{t) = ie-' ^0 ^(*) '^^ / e' -fo « W '^^f{s) ds, 



where Bj^{t) = Xj5jf, + Cj^{t). 

By (jSUl), (|TT3|) and the unitarity of e^i'o ^(^^ we conclude that 



+ \Mds 



/ /"OO 
e""'I^|aj-(^)lll«i Hoods + e-'''ds\m\L^ 



Choose a large constant to > such that for all ti > Iq, the following holds: 



(3.17) [ e-°^ V|o,(s)|||ni||oods < ^ sup |a(t)|, 

.Vti ~{ ^ h<t<T 

then 

sup |a(t)| < e-"*Hi ^ CoiVoi + e-^^HVoHi^ < e"" ^ Co|||Vo|| 

ti<t<T 



Remark 3.2. In the above proof, if we change (|3.14p into the following: 



\Ut)\ < IIV'i(t)llpl|V2(- - teMp, < e-*||Vi(.;„p 
<e-"*|| iId-PbiHi))Uit)Mp 

I 



i=l 



where 7 = n(^ — |)>1, and follow the same arguments, we see that for large t, 



cT ,,, ,, cT , 



\\Pb{Hi,t)Uit)^Po\\p < t-^Coe-- iWMp' + e--\\ML^ 



□ 
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If the potential Vi is smooth enough, it is known (see e.g. | Ag| ) that the bound state uj of Hi 
is differentiable. Moreover, its derivatives decay exponentially at infinity. Thus, 



(3.18) \\dPh{Hut)Uit)i;o\\j, < ^|a,(t)|||5n,||p < ^-^Coe"^ (||^o||p' + e'^^ H^'oIIlO- 

i=l 

In addition, the above claims hold with Hi replaced by Hj, j = 2, • • • ,m. These results will be 
used to prove Theorem 11.81 in Section 4. □ 

With Proposition 13.11 the Pb(i?i, r)C/(r) part of 1)3 .71) can be estimated by the following: 

J_ll _ — «(t— s)_HnT^^ „\ „ — — r)/inTA /_\ n / rr _^r^/_^_/, ,, 

Oiloo 



/ ds r ' dT\\e-'^'-'^^'>V{s)e-'^'-^^"^Vi{T)Pb{Hi,T)U{T)il^, 
Jt-A Js-A 

< f ds r'^' '\T{t-sr'^{s-T)-^\\Vi{T)Pb{Hi,T)U{T)i:Q\\i 

Jt-A Js~A 



<A^ sup ||Pfe(i7i,r)C/(r)V'o||oo 

T&{t-2A,t) 

For the Pc{Hi,t)U{t) part of (|3.7|) . we need to apply Duhamel's formula again and expand 
()3.7|) further with respect to Hi. We assume that iTi = and m = 2 to simplify our notation. 
Specifically, we plug the following 

P,{Hi,t)U{t) = Pc{Hi)U{t) = P,{Hi)e-'-''^ - iP,{Hi) [ e-'^--'-^"W2{r)U{r)dr 

Jo 

into ()3.7jl . For the term containing Pc{Hi)e~"^^ , we apply the dispersive decay for Pc{Hi)e~'''^^^: 

f ds r^^^ '^dT||e^^(*-^)^oT/(s)e-'^(^-^)^»Fi(r)Pc(i?i)e-^^^^V'o||oo 
Jt-A Js-A 
rt i-sA^t-e) 

< ds dT{t - - r)--/2(r)-"/2||V;o||i < t-^^'m\i- 

Jt-A Js-A 

The second term is 

(3.19) f ds r""^* rdre-^(*"^)^"y(s)e-^(^-")^oi/i(r)P,(i/i)e-*("-")^^y2(r)f/(r)V^O. 



Jt-A Js-A Jo 

Now take a small constant 6 > and a large constant Ai > to be specified later. We 
decompose the integral Jq dr in 1)3. 19() as following: 

I^T r5 pAi rr-Ai rr-S rr 

(3.20) dr= dr+ dr + dr + dr + dr. 



JO J5 JAi Jt-Ai Jt-5 
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To simplify the notation, we will write Ai as A. Our goal is to estimate each term in ()3.2U|) . 
The second term of (|3.2U() is estimated as follows: 



t~A Js-A Js 

i-t psA{t~e) pA 

< ds dr dr{t - sy^^s - T^/^T - ry/^{ry /^e'^WMi 



n-A Js-A 

The implicit constant above depends on A, 5. 

The third term of H3.2U() is estimated as follows: 

t psA{t-e) i-T-A 

ds dr (ir||e-*(*-^)^«y(s)e-*(^-")^«yi(r)P,(Fi)e~^("-")^iy2(r-)C/(r)V'o||oo 

t-A Js-A J A 

rt i-sAit-e) r-T-A 

< ds dr dr{t - sr^l\s - tY''I\t - tY^'I''\\U{t)UU 
Jt-A Js-A J A 

ft fsAit-e) i-T-A 

< ds dr dr{t - s)--/\s - ry^/^r - r)-^/^{r)-^/^Co\lM 
Jt-A Js-A J A 

<t-'-/^coKA\m\<^c^t-^'^mi 

where ^ as j4 ^ cxd. So the above inequality holds for large enough A. 
For the fourth term in (|3.2Up . we have: 

t l-Shit-t) f-T 

ds dr dr||e~*(*-^)^«y(s)e-*(^-")^«yi(r)e-*("-'^)^^Pc(^i)V2(r)[/(r)Vo||oo 

t-A Js-A Jt-S 

t /•sA{t—e) pT 

ds dr (ir(t-s)-"/2^s-r)^"/2||yi(r)P,(Fi)e-*("-'^)-^iy2(r)C/(r)V'o||i 

t-A Js-A Jt-A 

t f-sA{t—e) I-T 

ds dr dr{t-s)-^/\s-r)-^l^\\U{r)ij4^ 

t-A Js-A Jt-A 
ft /•sA{t—e) I-T 

< ds dr dr{t-s)-^/'{s-Tr^/^{r)-^/^CoUo\l 

Jt-A Js-A Jt-S 



<r^/^Co^smi<-^Cot 



where ks ^ as 6 ^ 0. So the above inequality holds for 5 small enough. 
For the dr part of ()3.2Up . we expand 

-i{T-r)Hi _ -i{T-r)Ho _ ■ '-i{T-r-f3)Hi^, -ifSHo 



^-z(T-r,m ^ ^-t(T-r,m _ i / ^-^(r-r-p,n^y^^-^pno 

^0 

Here we put Hq after Hi in the integral because we want Hq to appear immediately before 
U{r) and apply Lemma IT^ Substitute this expansion into the dr part of (|3.2U|) and we get two 
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terms. The first one is 



Jt~A Js-A Jo 

Notice that Pc{Hi) = Id — Pi,{Hi), and because ||Pfe(ffi)||p_^p is bounded, ||Pc(-f^i)||p->p is 
bounded as well. Therefore the L°° norm of (|3.21|) is estimated as follows: 

< f ds '^T /'dr(t-5)-"/2(s-r)-"/2(r)-"/2e*^niV'o||i<t-"/'||V'o||i. 

Jt-A Js-A Jo 

The second term of the dr part of (|3.2Up after substitution is 

ft fsAit-e) !■& 

ds dr dre'^(*-^)^«F(s)e-^(^-^)^oyi(r)- 

Jt-A Js~A Jo 

(3.22) P,{Hi) r ^-'^^-'^-f^^^'Vie-'f^"'' dpV2{r)U{r)i;o 

Jo 

Decompose Jq ^ dj3 so we can rewrite (|3.22j) = Ji + J2 + Ja., where Ji, J2 and J3 correspond to 
Jq dp, JJ ' ^ dp and J^_l_idP respectively. 
We proceed to estimate Ji as follows: 



dr / dp\\Pc{Hi)e-'^^-'-'^'^^Wie-''^"'>V2{r)U{r)il^o\\oo 
Jo 

< [ dr [ d/3(r-r-/3)-"/2||e-^^^oy2(r)C/(r)^o||oo 
Jo Jo 

<(t)-"/2/ dr [ dPiP + ry^/^e^'^UoWi- 



In the above expression, when n = 3, dr dP{P + r) "/2gA^»" jg integrable. When n > 3, 
we need to further expand e-*('^-'"-/^)^i to remove the singularity of (/? + r)~"/^ at /? + r = 0. In 
either case, we can conclude that || Ji||oo ^ i~"'^^||V'o||i- 

For J2, our estimate is the following: 
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\r r ' \(3\\Pc{Hi)e-'^^-'-^^^Wie-'^"'>V2ir)U{r)iljo\ 
Js 

< / dr 



f'T — r—1 

< I dr 
Js 

T— r— 1 

<ldr' 



p6 pr—r—l 

< dr 
Jo Js 

< 



dl3{T - r 


-py 


-"/^\\Vie-'f^^'>V2{r)U{r)^o\ 


dl3{T - r 


-py 


""/'||e-*^^°y2(r)C/(r)^o||oo 


dj3{T - r 


-py 




d(3{T - r 


-/?>" 





T 



""/'llV'olli. 



The implicit constant above depends on 6 and is independent of t and ipQ. Plugging the above 
estimate into Ji, we derive that || J2II00 ^ i~"'^^||V'o||i- 
To estimate J3, we notice that 



dpViiT)PciHi)e-'^--'~^^'''Vie-'^"°V2ir)Uir)Mi 

r— r— 1 

< r ' d/3||yi(T)||2||Pe(^i)e-'(^-'-^)^Ml2^2||^ie-''^^°y2(r)[/(r)Vo| 

J T— r— 1 

< r ' rf/?l|Vi||2||e-*^^°y2(r)C/(r)V'o||oo 

T— r— 1 
T— r 



dm-^e'^'^UoWi- 

T— r— 1 



Observe that r is small and (3 ^ t. Plugging the above estimate into J3, we derive that || J3II00 ^ 
^"^ll^olli- Thus we finished the estimate of the dr part of ()3.2U|) . 

3.2 Low and high velocity estimates 

So far we have estimated four parts of (|3.2fl|) . This subsection is devoted to deriving the estimate 
of the f^_^dr part of (|3.2flj) . which will be decomposed as follows: 

/•t l'SA{t — €) pT—S 

ds dr dre-'^'-''^"°V{s)e-'^'-^'^"°ViPc{Hi)e-'^^-'^"W2ir)U{r)iPo 

Jt-A Js-A Jt~A 

t rsAit-t) r-T-S 

ds dr dre-*(*-")^''y(s)e-*("-^)^»- 

t-A Js-A Jt-A 

ViPciHi)e-'^--'^'''{F{\p\ > N) + F{\p\ < N))V2ir)Uir)i;o 

Jhigh + Jl ow ■ 
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F^IpI < N) and F{\p\ > N) denote smooth projections onto the frequencies |p| < and \p\ > N, 
respectively. For the low velocity part Jiow^ firstly, (t — s) + (s — r) > e and Lemma l'2 . 41 iniplv 



(3.23) ||e^(*-*)^oy(s)e^(^-")-^o||i^oo < (t - s)"? (s - r)"?. 

Secondly, we need the following proposition (see |RSSlj for its proof): 

Proposition 3.3. Let Xt be a smooth cut of B{0,t6), where 6 is a small constant depending only 
on el and B{0, t6) is a ball in ii" centered at with radius t5. Let vl, N he large positive constants 
and A,N « r then 

sup ||x.e-^(--'-)^^P,(i7i)F(|p-1 < N)V2{- - reDI^^^^^ < 4^^. 

0<T-r<A or 

The idea behind Proposition 13.31 can be explained as the following: 

The support of V2(- — rel) is contained in B(re{,R). Here R is the size of the support of 
V2. The operator e''^''-''^^^ Pc{Hi)F{\p\ < N) can "propagate" B{re~{,R) into B{0,t6) only if 
(r — r)N > dist{B{rei, R), B{0,t6)) according to the classical picture. However if |t — r| < A, 
T<^A,N, {t -r)N <^dist{B{re~{,R),B{0,T6)) . 

To apply this proposition to Jiow, note that XrVi = Vi- Let X2 be a smooth cut of the support 
of V2 and / be any function in L°°(i?"). Then it follows from Proposition 13.31 that 



||yiP,(/7i)e-*(^-^')^^F(|pl < N)V2ir)fh 
= \\ViXrPciHi)e-'^^~'-^'''Fi\p\ < N)V2ir)x2{--rv2)f\\i 

< \\Vi\\2\\XrPc{Hl)e-'^^-'^'''F{\p\ < iV)V2(r)||2^2||X2||2 

ANM^ 



< 

~ 6t 



Combining the above estimate with (|3.23|) and noting A, M, N <^ t, we conclude 

rt /•sA(t—e) r-T—S A ]\f A/f"^ C 

PlowWoo < ds dr dr{t - s)-^'^{s - r)-"/^—— ||C/(r)^o||oo < j^t--'''\mi 

Jt-A Js-A Jt-A dt 100 

From the above estimate for Jiow, it is worth remarking that the purpose of the multiple 
expansions by Duhamel's formula is to prepare a cushion (the potentials Vi and V2) to apply the 
L^ — > L^ estimate (Prop ESI) between L^ L°° estimates. 

For the high velocity part Jugh-: we shall further expand U{r) with respect to Hq, followed by 
a commutator argument. By Duhamel's formula 

U{r) = e-''"° - i f e-^("-")^°y(a)C/(a) da, 
Jo 

we write Jhigh = Jhigh,i - iJhigh,2, where 

JMgh,i = f dsT''' '^tT Ve-*(*-^)^''y(s)e-*(^-^)^«yiP,(/?i)e-^(^-'-)^iF(|pl >iV)y2(r)e-^^^ 
Jt-A Js-A Jt-A 
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and 

ft psA{t-e) i-T-S 



Jhigh,2= [ ds r ' dT r dre-^(*-")^''y(s)e-^("-^)^«yiPc(^i)e-^(^-'')^iF(|pl > iV)- 
Jt-A Js-A Jt-A 



't-A Js-A Jt-A 

■V2{r) I e-'^'-°'^^W{a)U{a)iJoda. 



The decay of J/ijg/i.i will come easily from e Indeed, we apply Lemma|Tl]to e ^^^^''V{s)e ^^'^ 

as in H3.23() and notice that 

(3.24) \\P,{H,)e-'(--^^''^F{\p\ > N)^^^^^ < 1. 

Then it is clear that || J/iig/i,i||oo is dominated by 

ds r 'dr(t-s)-"/2(s-r)-"/2(r)-"/2||^o||,<t-«/2||^j,||^. 

t-A Js-A Jt-A 



Jhigh,2 will be decomposed into three parts J^igf^ 21 Jhigh 2 "^high 21 corresponding to Jq da, 
^ da and /Jl^ da respectively, where i? > is a large constant to be specified. 
For J/^jg/j 2' decay comes from e~*(''~")^o_ indeed, it follows from Lemma [2. 21 and < a < -B 
that 

||e-^('-")^«y(a)C/(a)||i^oo < r-^/^e^'^" < (r)-"/^ 
Hence, it follows from (|3.23j) . (|3.24|) and the above inequality that 2II00 is dominated by 

rt /'sA{t—€) i-T-S 

ds dr dr{t - s)-^'\s - Ty^'^ry'-'^UoWi < ^""/'llV'olli. 

Jt-A Js-A Jt-A 

•^high 2 ^^^^ estimated by an application of the bootstrap assumption and the smallness 
comes from choosing B sufficiently large. Indeed, it follows from (|3.23|) . (|3.24)) . Lemma 123] and the 
bootstrap assumption that 



j-t /•SA{t — €) l-T—5 

l4V,2lloo ^ ds dr dr{t - - r)-"/2. 

Jt-A Js-A Jt-A 



" ^{r-ay^/^{ar^/^daComi 
Ib 

/•t /•SA{t — €) f-T—S 

< ds dr dr{t - s)-^/^{s - t)~^/^ {r)-^/\BCo\lHl 

Jt-A Js-A Jt-A 

- -^QQ IIIV^uiii 

In the above inequality, B is chosen sufficiently large, because kb = J^iay/^da when 

B ^QO. 
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The decay of </|jg/i 2 only come from U{a). As usual we need to generate the smallness 
Y^p for the bootstrap assumption. Here the smallness comes from the high velocity and a 
commutator argument. Write F{\p\ > N)V2{r) = [F{\p\ > N),V2{r)] + V2{r)F{\p\ > N) and 
correspondingly, we decompose J^.^^ 3 = J^iJ^ 2 + Jhfgh,2- That is to say 2 ^d jg^ 2 are just 
'^hi9h,2 with F{\p\ > N)V2{r) replaced by [F{\p\ > N),V2{r)] and V2{r)F{\p\ > N). 

1 3 1 

Specifically, the smallness for J/^lg^i 2 comes from the following standard fact, namely 

(3.25) \m\p\ < N),V2]h^^L^ < \\VV2\\oo. 

To see this, write F{\p\ < N)f = [57(^/-/V)/(0]^ with some smooth bump function r]. Hence 
the kernel K of [F{\p\ < N), V2] is 

K{x,y) = N^rj{N{x - y)){V2{y) - V2{x)), 

and 1)3. 25|) follows from Schur's test and sup^ ||K(x,-)||^i = supj^ < N^'^ ||Vy2||oo- 

It follows from ||Pc(-H'i)e"*(^"'')^i ||2^2 < 1, and the bootstrap assumption that 



II 7-3'! II 
ll"^/iig/i,2lloo 

Jt-A Js-A Jt-A Jr~B 

< ^ sup \\U{t)Moo < §i-"/'|||^o||| < :^i-"/'lll^o|||, 

t-3A-B<a<t iUU 

where is chosen sufficiently small to dominate the implicit constant in " <" which only depends 
on n, V, V2 and e, 6, A, B. 

3 2 1 

The smallness for -Z^^^^/j 2 comes from the following version of Kato's ^—smoothing estimate: 



(3.26) II r^"" X2i- - rv2)Fi\p\ > Ar)e-*(--)^^o ^^y^^ < 

J a 



BR 



where X2{-) is a smooth cut around the support of V2 and R is radius of the support of X2- The 
implicit constant only depends on n, V2. We refer to |RSSlj Section 3.5 for its proof and further 
references. 

Now observe that the region of integration J^_^dr ^ da is contained in that of J^_^_Qda J^^^ dr 
and ||-Pc(-^fi)e"'(^"'')^Ml2^2 < 1- It follows from ^(^71^ and the above observation that 



\Jhih,2\\oo< f ds r^'~^\r r' da{t-s)-^/'{s-r)-^/'^\\U{a)Moo<^t--^' 
^ Jt-A Js-A Jt-A-B vN iUU 



^011 



where is chosen to be sufficiently small to dominate the implicit constant which only depends 
on n, y, V2 and e,5,A,B. Therefore, we conclude that (|3.1j) implies (|3.2|) . from which Theorem 11.71 
follows. 



21 



4 Decay estimate of the derivatives of U {t) 

In this section we prove Theorem 11.81 bv induction on k by following the same scheme of the proof 
of Theorem 11.71 The first step is to set up the cancellation lemma for dU{t)^Q. 

Lemma 4.1. Let k be a nonnegative integer. Assume supQ<^<^ supj,g^ ||9^y(r)||^i < M. Let a 
be a nonnegative integer n-tuple with \a\ = k. Suppose U{t) is the evolution operator of H1.9() as 
before. Then 

(4.1) sup ||e-^(*-^)^«F(r)a"?7(s)Vo||p < |tr^Me(''+^)^^||V'o| 



where 7 = n{\ - i) and 2 <p < 00, i + ^ = l. 

Proof. Write the left-hand side of (|1?T|) := ^{t,s). When k = 0, is just the inequality (fTH|) . 

Note that the inequality 1)2. 3() holds with V replaced by its derivative d^V, as long as df^V lies in 
L^{R"'). Assume k = 1 and apply Duhamel's formula: 

\\e-'^^-'^^°V{r)dU{s)tl;o\\p 

< ||e-*(*-^)-f^«y(r)ae-^"^°Vo||p+ T \\e-''^'-'^"''Vir)e-'^'-^'>^'>dV{T)U{T)i;o\\pdT 

Jo 

< C\\V{r)\\,t-^\\dMp' + \\V{r)\\i r ||e-^(*-^)^°(9y)(r)C/(r)Vo|IWT 

Jo 

+ ll^(Olli r ||e-^(*-^)^«y(r)aC/(r)7/.o||pdr 
Jo 

< CMt-^ 1 1 -001 1 vKi.p' +^ / t-^e^^^dT\\^Po\\p, + M ^{t,T)dT 

Jo Jo 

<CMt-''e'^Uo\\w^^p' +^ I '^{i.T)dT. 

Jo 

Taking supremum over r, we get '^{t,s) < CMt^''' e**^||V'o|lvi/i.p' + "^{t,T)dT. By Gronwall's 
inequality, < CMt-^e^^'\ 

For K > 1, the above argument goes through by induction, provided that the Fourier transform 
of the derivatives up to degree k of V{r) are uniformly bounded in L^(M"). □ 

The following is an analog of Corollarv 12.31 
Corollary 4.2. With the same notations and assumptions as in Lemma \4.1[ we have 

(4.2) ||t/(t)Vo||H/«- < t-^e^'^^^^'\\M\w^.P'- 

Proof. By Duhamel's formula. Lemma l4. II and the fact that d commutes with e"**^", we have the 
following estimate: 

\\d''U{t)Mp < lle-^^^^a^V'ollp + ^/3<a f ||e-^(*-^)^°(a^y)(T)a"-^[/(T)Vo||pdr 

Jo 
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□ 

Similarly, the following lemma generalizes Lemma [231 

Lemma 4.3. Let a he an n-tuple with \a\ = k and U{t) be the evolution operator of ()1.9() . For 

each m > 1 and e > 0, ui,U2, - ■ ■ ,Um are all in either M+ or M_, satisfying \ X^^Liiijl > e, then 
there exists constant C = C{m,€, K,p) such that 

m—l m 

(4.3) II n {e'''^''''V{sj))d^U{uM\v < CM^-' n^^^-)~^^^''^'^'''"'"ll^ollv^«-'' 

i=i i=i 

where Sj is any real number, < p < oo, i + ^ = l and 

M = So<^<asup(||9^y(s)||i + ||a^(5)||i). 

Using Lemma 14.11 and Corollary 14.21 the proof of Lemma 14.31 is exactly the same as that of 
Lemma 12.41 

We only prove Theorem 11.81 for the case k = 1,2. The case k > 2 can be proved by induction. 
Specifically, we prove the following implication: 
For any fixed sufficiently large time T, 

(4.4) \\U{t)Mw^-p<Co\t\-m\iJo\\w^y+^~'^\\ML^) for 0<t<T,K = l,2 
implies that 

(4.5) \\u{t)Mw'^.v < Yl^mWMw^y + e""^ IIV'oIIl^) for o < t < r, ^ = i, 2 

provided that ^ remains larger than some constant that does not depend on T. The assump- 
tion (|4.4j) can be made to hold for some Co depending on T, because of Corollary 14.21 Letting 
T — > +00 to eliminate ||V'o||l2, Theorem II .81 follows from the iteration of the above implication. 

We will first prove (|4.5|) for k = 1. For technical reasons (see (|4.15j) ). we need the above 
bootstrap assumption 1)4.41) for k + 2. To simplify the notation, we write 8°' = d and 

llV'olliyi.p' +e"'¥^||^o||L2 := iV'oilciy)- 

With these cancellation lemmas for dU{t)'ipQ, the proof of Theorem 11.81 follows the scheme of 
that of Theorem 11.71 The difference is that now we need to commute dx with operators such as 
gttHo^ Y g^j^j ^ttHi apply the cancellation lemma and the bootstrap assumption. 

We proceed by expanding U (t) with Duhamel's formula: 

dU{t)i;o = de-'^"°i)o - i [ de-'^^''^"W{s)U{s)i)Q ds 

Jo 

= de-'^"°'il^o-i [ e''^^-''^^'>{dV){s)U{s)i^Qds 
Jo 

(4.6) -i [ e-'^^-'^^°V{s)dU{s)iPods. 

Jo 
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Notice that [d, V] = {dV)- is a multiplication operator, which can be viewed as another potential 
and Theorem 11.71 can be applied to the second term of ()4.6() . This idea has appeared in the proof 
of Lemma l4. II Specifically, it follows from the proof of Theorem 1 1 . 71 and an interpolation with the 

conservation of U{t) that 







By assumption, dVj satisfies the regularity and smoothness conditions for Vj in Theorem 11.71 
and we conclude that 



\-^i^-^)Ho(^dV){s)U{s)i;ods\\p < t-^m\p'- 



10 

We expand the last term of ()4.6() by Duhamel's formula just as in Section |21 and perform the 
same decomposition. With the cancellation lemma for dU (t) and Remark 13. 2( the last term (|4.6j) 
is reduced to the following: 

(4.7) f '^^ r""^* e-'^'-'^"°V{s)e-'^'-^^"Wj{- - TVj)dPc{Hi,T)U{T)iJo. 

Jt-A Js-A 

Before we proceed, we observe that our assumptions guarantee 



(4.8) ||Pc(i^i)e-**^iVo||L. < C,\t\-^Uo\\L.'- 
This implies 

||//iPe(^i)e-'*^iVo||L« = ||Pc(^i)e-'*^iFi^o||L. 

As Vi € L°°(M") and double Riesz transforms is bounded on L''(R") 1 < q < +oo, the above 
inequality in the case of 1 < q < +oo, implies that 

(4.9) ||Pe(^i)e-**^^^o||w'2,. < ir^llV'ollvK^y- 
Interpolating between (|4.8|) and (|4.9j) (Theorem 6.4.5 |BLj ) . we conclude that 

(4.10) ||P,(/7i)e^^*^iVo||H/i.. < C,\t\-^Uo\\wi,,'. 

where 2<g<cxD, | + ^ = 1 and 7 = n(i — ^) . Because double Riesz transforms are unbounded 
on L°°(R"'), we exclude p = 00 in Theorem 11.81 

We write Pc{Hi)U{t) = Pc{Hi)e-'''^^ - iPc{Hi) e-^^^-'''^^^V2{r)U{r) dr and is broken 
into two terms. 
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It follows from ()4.1U|) . among other things that the first term of ()4.7p . which contains Pc{Hi)e~'^'^^^ 

is dominated by |t|~'^||?/'o||vyi'P- 

The second term of ()4.7() is decomposed as follows: 

rr rS pA rr—A rr—S pr 

(4.11) dr= dr+ dr+ dr + dr + dr. 



Jo Jo JS J A Jt-A Jt-5 

We estimate each term in ()4.11|) with similar methods as that for H3.2U() . Because of ()4.1U|) . 
the terms containing dr and ^ dr in H4.11() can be estimated exactly as that there is no 
derivative before P{Hi), and we omit the details here. Again by 1)4. lOp with q = 2, the term 
containing J^_g dr in 1)4.11(1 is estimated as follows: 

t PSA{t — €) l-T 

ds dr dr||e-^(*-^)^«y(s)e-^(^-")^"yi(r)ae-'("-")^iPe(i/i)y2(r)^7(r)V'o||p 



t-A Js-A Jt-5 



< sup r dr\\dPc{Hi)e-'(--^^'''V2{r)U{r)i^o\\2 

t-2A<T<t Jt~S 



< 



_ sup / dr\\V2{r)U{r)i)o\\wi2 

t-2A<T<t Jt~S 



< 



sup / dr\\U{r)'ipo\\wi,^ 



t-2A<T<tJT-S 

<t-^Co<5|||Vo|||(i,p')<^t-1llV'o|||(iy). 

Here (5 > is chosen sufficiently small. 

The Jg dr term in (|4.11|) is expanded by Duhamel's formula: 



e 



T— r 



i{r-r)H, ^ ^-i(r-r)Ho _ ■ / ^^i{r-r-l3)Hry^^-il3Ho 







Plugging the above expression into the Jq dr term, we get two terms. The first one containing 

^-i(T-r)Ho jg 

/•t ;>sA(i-e) rS 

(4.12) ds dr dre-^(*-^)^«y(s)e-^(^-")^°yi(r)aPe(i^i)e"^(""")^«V2(r)?7(r)^o. 

Jt-A Js-A Jo 

Since Pc{Hi) = Id— Pb{Hi) and Ph{Hi) is a bounded operator from to L^, Pc{Hi) is bounded 
from L'P to L^. It follows from Lemma l4.ll < r < 5, and the Leibnitz rule that 

||/7iP,(/7i)e-*(^-^)^«y2(r)C/(r)Vo||p = ||Pc(i^i)^ie-*("-'^)^°l^2(r)^7(r)V'o||p 

< C\\Hie-'^^-''^^W2{r)U{r)i,o\\p 

< C\\Vi\\oo\\e-'^^~''^"''V2{r)U{r)i^4p + We-'^^-"-^"^ /\V2{r)U{r)M\p 

< Cr~^||^o|liy2,p'. 
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Since Hi = Hq + Vi and Vi is bounded, we see that 

||APe(^i)e-^(^-'-)^»y2(r)t/(r)V'o||p < Cr"^ 1 1 Vol I lyay • 
Because the double Riesz transforms are bounded on L^(]R") 1 < p < oo, it follows that 

||P,(i?i)e-^(^-'^)^»F2(r)C/(r)Vo||Ty2.p < CT~^Uo\\w^.r'' ■ 
Therefore, by complex interpolation, we see 

(4.13) \\Pc{Hi)e-''^^-'-^''"V2{r)U{r)Mwi,P < Ct-^IIV-oIIv^lp' • 

which implies that || (|4.12j) |||;;/i.t, < i^'''||'0o|lvi/i.p' • 

For the term containing dr d/3 , we perform the exact same decomposition as in (|3.22[) 
and each step there goes through provided (|4.1()jl and (|4.1,'-{|) . 

The term containing J^_^ dr in (|4.11jl is 

/•t /•sA{t—e) PT—S 

(4.14) ds dr dr ||e~*(*-")^oF(s)e-^(^-^)^»Fi9Pc(i^i)e~*(^~')-^^y2(r)C/(r)Vo||p- 
Jt-A Js~A Jt-A 

The proof of Theorem 1 1 . 71 showed that Ve > 0, the following holds: 

||yiP,(i/i)e-*(^-'-)^iy2(r)f/(r)V'o||oo < eCot~^\\Mi, 
given t sufficiently large. Going through the proof, we see that the same argument also shows 

\\ViPe{Hi)e-'^^-'^^'''V2{r)U{r)i;o\\p < eCot-^\\Mp'- 

Furthermore the above inequality holds if Vi or V2 is replaced by its derivative. Another 
observation is that, given our new cancellation lemma for dU{r)ipQ, 

||yiP,(/fi)e-^(--'-)^iy2(r)9^f/(r)V^o||p < eCot-^|||Vo|||(|/3|y)- 

Indeed, to prove the above inequality, we decompose the left-hand side into a high velocity part 
and a low velocity part. Each part generates the small constant e for the same reason as in Section 
3.3. The same argument with the bootstrap assumption (|4.4() implies: 

\\ViHiP,{Hi)e''(-"-^''W2{r)U{r)i;o\\p 

(4.15) = ||yiP,(i?i)e-*(--'-)^^i/iy2(r)C/(r)Vo||p < eCoi-^|||Vo|||(2y)- 
It follows from the above inequality and an elementary calculation that 

(4.16) \\ViPc{Hi)e-'^--'^''W2ir)U{r)Mw^.p < eCot-'\\\M\i2,p') 
Hence, by complex interpolation, for V e > 0, 

(4.17) \\VlPc{m)e-'^--'■^'''V2{r)U{r)^Po\\w^,P < eCot-^lllV'olll(iy). 
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given t sufficiently large. This implies that || H4.14|) |||^/i.n can be estimated by YgQCot~'''|||^o|||i,p'- 

Therefore, we proved H4.5() for n = 1. The same procedure also proves ()4.5() for k = 2. Thus, 
we finish the bootstrap argument and conclude that 

\\Uit)i>o\\w--p < IIV'ollvi/C^.p')' 
by letting T oo. The proof for /t > 2 is similar by induction. Thus we have proved Theorem II. 81 

5 Boundedness of the Sobolev norm of U{t, s)?/'o 

The goal of this section is to prove Theorem 11.101 when k is a positive integer. The intuition 
comes from the case k = 1 ([Hr]). To bound the kinetic energy (the norm), we look at the 
observable K{t) = ^{p — |)^ + Ylh=i ^li^)- (-^(*)) '^i^^ decrease if the particle is far away from 
any potential, since the observable {p — f )^ decreases like for the free motion (the Pseudo- 
conformal identity). If the particle is close to the center of potential Vi, then f ~ and {K{t)) ~ 
— vif' + Vi{x — vit)) , which clearly is the total energy of this one potential stationary subsystem 
up to a Galilean transform. To carry this boundedness from {K{t)) to {p^), we need to replace the 
vector field | by z/(x, t), such that v{x^ t) is uniformly bounded and is equal to vi in an increasingly 
big neighborhood of x = vit. 

Vigorously, consider a smooth, uniformly bounded vector field 

v{x, t) : M" X (-CX), -T] U [T, +oo) ^ M" 

and let 

J m 

K,{t) = -{p-v{x,t)f + Y,ym, 

1=1 

where T is a large positive constant, p = {pi,--- ,Pn) and pj = —i-^- Note p^ = Hq and 
^{p — i/(x,t))^ is a well-defined self-adjoint positive operator. 

In (Gr,, Graf constructed v{x^t) and proved ||C/(f, s)'i/'o||_H'i is bounded as t ^ oo by bounding 
^{Ko{t)) from above by a time-integrable function, where {Ko{t)) = {U{t,s)^ljQ^KQ{t)U {1^3)11)0) 12. 
We write (/, 5) as the inner product of /, g in the L^(M) sense. 

To prove Theorem ll.lOl we need to define the proper analog of KQ{t) suitable to the H'^ norm of 
U{t, s)V'o to match the intuition given by the classical system. Fortunately the following observable 
works: 

m ^ 

m = Y.{-{p - v{x, t)f + vmr - (m - i)(-(p - vix, t)fr. 
1=1 

Notice that i^'(t) = K^it) if k = 1. Because v{x^t) and its derivatives are bounded uniformly in 
space time and Vj- G Cq(M"), we have the following, writing {K{t,s)) = {U{t, s)il^o, K{t)U{t, s)ipo): 

\\U{t,s)i;o\\l. < {K{t,s)) + ||C/(t,s)Vo|ll,.-i; {K{t,s)) < \\U{t,s)i;o\\l.. 

By induction on k, it suffices to show {K{t, s)) is bounded uniformly in t and s. 
Expand K{t) as polynomial of {^{p — v{x,t))'^. Though (^{p — z/(x,t))^ and Vi{t) do not 
commute with each other, viewing K{t) as a differential operator, the term of highest degree is 
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~ 1^(2;, t))^)" which is positive, self-adjoint. The other terms in K{t) are of degree no bigger 
than 2k — 2 with bounded and smooth enough coefficients. Correspondingly, {K(t,s)) breaks into 
two parts. The part {U{t,s)ipo, {^{p — v{x ,t))'^YU {t, s)iIjq) is always nonnegative. The other part 
containing the low degree terms can be dominated by || C/ (t, s)V'o ||^k-i • By the induction hypothesis, 
it follows that {K{t, s)) is bounded from below. To bound {K{t, s)) from above, it suffices to show 
that for t > r 

(5.1) ^ t-^^+'^C{{K{t,s)) + \\U{t,s)M?H^-^)- 

For t < —T, the opposite of the above inequality should hold: 



(5.2) ^ r(i+^)c((i^(t,s)) + \\uit,s)Ml^-i)- 

First let's consider t > T, integrating (|5.1|) . 

{K{t2,s)) - {K{ti,s)) <C [\-<^^+^\K{t,s))dt + C sup ||C/(t, 5)^^011^-1- 

Jti t,seR 

Choosing T > large enough such that C t"^^^dt < i, then 

{K{t2,s)) <{K{ti,s))+C sup ||[/(t,s)V^o||^.-i + J max {K{t,s)) 

t,seR ^ ti<t<t2 



By (|1.21j) . maxt^<j<j2 (i('(t, s)) < 00. This implies that 

max {K{t,s)) < 2(K(ti, s)) + C||Vo|Ih-i 

tl <t<t2 

Letting t2 +00 and ti = T, it follows that maxt>T(i^(t, s)) < C{K{T, s)) + CUV'oII^k-i- 
Hence {K{t,s)) < CtWMIh" for t > T and s £ [-T,T]. For t < -T, we integrate dS^I) to bound 
{K(t, s)) from above and Theorem II . lUI follows in this case by the same argument given that 1)5.2(1 
holds. 

Before we proceed to prove (|5.1|) and ((5. 2(1 . let's specify some properties of the vector field ^{x, t). 
It is convenient to describe v{x^t) in the rescaled coordinates y = j. Let uq = 2maxi<i<rn\vi\. 
When \y\ > uq, u{x,t) = "Uo]^- When y G i?/, we specify i'{x,t) = vi, where Bi is a fixed ball 
centered at vi. We suppose that Bi (/ = 1, • • • , m) lie in the big ball Bq centered at the origin with 
radius uq and that they are disjoint from each other. When y £ Bq — U[^-^-B;, we specify z/(x, t) = y. 
To make the vector field smooth, we modify and smooth the vector field in the scale of where 
7 is a small positive number. In the rescaled coordinates y, the scale is \t\~'^ . Specifically, consider 

Uq- S Uq - S 

uj{s,a) =sif[ ) +no(l - (p[ )), 

a a 

where ip G C°°(M) with ip' > and 

ip{x) = for X < V^(a^) = 1 for x > 1. 
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Then writing y = |, we define 

J^\x,t)=uj{\y\,\tn)f^ and oj^'^x, t) = -{y - v-iM2 - \t\^\y - vel), 

\y\ 

where £ = 1,2, ■ ■ ■ ,m. Finally, ^{x, t) := YllLo ^^^'^ 

The properties of the vector field ^{x, t) that concern us are listed as follows: 

1. u is bounded in space time. The /c-th space derivatives of v uniformly decay as \t\~^^'^~'^'^ as 
t ^ oo. 

2. {vij)nxn as a matrix is symmetric and positive semi-definite when t > 0, negative semi- 
definite when i < 0, where Vi is the z-th component of vector v and the indices following a 
comma stand for partial derivatives in space. As v^^j = Vj^k-, Pk — '^k and pj — vj commute 
with each other, i.e. \pk — Vk^Vj ~ = 0- 

3. WvijVj + ^lloo < C|t|~(^+'^). Here we make the choice 1 + 5 = min{l 7,2 - 27} > 1. 
Summation over double indices is understood. 

These properties can be shown by a direct calculation f |Grj ). Now we are going to prove 1)5. 1(1 
and (|5.2() and proceed by observing that 

(5.3) i^U{t,s)il}o = H{t)U{t,s)il}o and 

(5.4) -i^U{t,s)'^o = U{t,s)H{s)^Q. 

It follows from the above that j-^{K{t,s)) = {U{t,s)^Q,{i[H{t),K{t)] + ^)[7(t, 5)^/^0). A 
straightforward calculation shows: 

1=1 k=0 



{m - 1) Xi(^(p - ^f)'jtliP - Kx, t))\l{p - ufr~'-^ := Ji + J2, 

fc=0 



and the commutator 

[H{t),Kit)] = + ^ Vi{t), Y,Up - ^? + - (m - l){-{p - ufT] 



'2 

1=1 1=1 
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1=1 k=0 

-{m-1) Y^i^ip - i^fn^p^ lip- i^n^ip - i^fr-'-' 

m K—1 ^ ^ ^ 

Z,j=l A;=0 

m K—1 
j=l k=0 

First, let's consider 

(5.5) Ji + + = ^(-(p - i^f + vi{t)fM^{-{p - vf + vmr-^-\ 



1=1 k=0 

where Mi = + ^J^^ ^^(t), ^(p - z^)^ + Vi{t)] + ^(^(p - i^)^ + V;(t)). Another elementary 

calculation gives the following: 

Ml = Vj, lip - vf + Vi]+A- lp^{u^JU, + ^)- \{n,jiyj + ^)Pi 

(5.6) + UiiuijUj + -^) + -ViAjj + {u -vi) ■ Wu 

where A = —{pi — i^i)-^^^^^-^{pj — i^j) is a symmetric, semi-definite negative operator when t > 
and semi-definite positive operator when t < 0. It follows from the properties of Ux^t that 

(5.7) IWijUj + ^lloo < \\iy^,i,j\\oo < C\t\-^-^ 

and that the Loo norm of derivatives of these terms decay even faster because each space derivative 
gains a factor Moreover Ylb=ii'^ ~ ^) ' vanishes as \t\ > T is sufficiently large, since 

I' — vi vanishes on an increasing neighborhood oi x = tvi, which will eventually contain the support 
of VV^. 

Plugging the expression of Mi into expression (|5.5j) . we claim the decaying terms listed in 
equation ()5.7|) only produce time integrable term. We calculate the term containing ^Pi{i^i,ji^j + ^) 
as an example to illustrate this point: 

\{u{t, .)Vo, i^iP - V? + vi{t)f\pM,^j + ^)i\ip - + yim~'-''u{t, .)Vo)i 



(5.8) = - y? + yAt)fV{t, s)i;o, + ^){\{P - y? + Vi{t)Y~'-'U{t, .)^o)|. 
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If 2/c + 1 = K or 2A; + 2 = K, 1)5.8(1 can be dominated by 



c\t\-'-'\\M\{p-j^f + Vi{t))'^u{t,s)M\L4ilip-^? + vm^^ 
<c\t\-'~'\\uit,s)Ml'' 

<C\t\-'-'{{K{t,s)) + \\U{t,s)Ml'^~i)- 

If K 7^ 2/c + 1 or 2A; + 2, first consider 2k + 2 < n and k = 2ci + 1, an odd integer. We need to 
commute fi.ji^j + ^ with {^{p — z^)^ + Vi)'^~^. Specifically, we claim that 

is an differential operator of degree 2d + 1, whose coefficients are of magnitude t^^^^ . This is clear 
because VijVj + ^ and its derivatives decay at least as Hence, (|5.8|) is dominated by 

C\t\'^~\{K{t,s)) + ||?7(t,s)V'o|||/.-i)- In the case that 2A: + 2 < k and k = 2(i or 2A; + 1 > k, (Ol) 
is dominated by C\t\~'^^^ {{K{t, s)) + ||C/(t, s)?/'o|||^«;-i) due to the same reason. 
Therefore, it remains to estimate the following in expression (|5.5() : 

1 = 1 k=0 jy^l 

Observe that for given time t, iy{x, t) is a constant vector on a ball centered at tvi with radius 
growing linearly in \t\ approximately. So as long as |t| is large, v{x,t) will be constant on the 
support of Vi{t). This implies that Uj^i^ui^j both vanish on the support of Vi{t). Hence it follows 
from A = -{pi - Vi Y'^'l^"'-' {pj - Vj) that A = and ^ = 0. Moreover, for j / /, Vj{t),Vi{t) 
have disjoint supports given that t is large. So the expression (|5.9p is reduced to the following: 

m K—1 ^ ^ ^ 

t-l-A; 



(5-10) Y.^\{p - ^ffiiiY. V,, \{p - y?] + A){\{p - ufr-^- 

1=1 k=0 

(5.11) = J2il(P - yf)HmA + (m - l)i[^ V„ kp - ufm^p - vfy-'- 



k=0 J 



Secondly, we consider 
(5.12) 



K-l 



J, + iJ, + iJ, = -irn-l)Y,iliP-'^f)\i[lp' + f2^jit),^^^^ 

k=0 j=l 

Setting all potentials V/ = in (|5.6|) . we see that 

i[—p'^, —(p — i^)"^] + -r — {p— y)"^ = A + time integrable terms, 
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where the time integrable terms equal to 



and can be estimated exactly as those m Ji + iJ^ + iJ^. We are left to estimate m. J2 + iJa + iJ%'- 



(5.13) -(m - 1) ^(-(p - vf)\A + " ^)'])(2 " ^)')""'-' 

A:=0 i=l 

Now adding (|5.11() and (|5.13|) together, we see that {i[H{t),K{t)] + ^) is simplified as some 
time integrable terms plus the following: 



(5.14) Y.^\{v - i^?fA{\{p - ufr-'-\ 

which is a differential operator of degree 2k. 

First we observe that [pk — VkiPj —^j] =0 and {pk — Vk) 
Second Vi^jk + T^j,ik and its derivatives decay at least as fast as \t 
integrable in time. Hence if we commute A with (p — u)^ or pj 
integrable. 

If At = 2(i + 1, an odd integer, then 

{^{p - v)'^)''A{^{p - i/)^)'^"^"'' = (^(P - '^)^)'^M^{P - + time-integrable terms. 

The first summand is negative (positive) definite when t > (t < 0). 

If K = 2d, an even integer, then {\{p - v)'^)^ A{\{p - u)'^Y~''^^ = {\{p-u)'^)^~^\{pj -Vj)A{pj - 
z>'j)(^(p— z^)^)^~^+tinie-integrable terms. Again the first summand is negative (positive) definite 
if t > (t < 0). 

Hence, we have written ■^{K{t, s)) as a sum of a negative (positive if t < 0) term and other 
time-integrable terms. More precisely, the time-integrable terms decay at least as fast as 
Therefore, we have proved ()5.1() for t > T and 1)5. 2|) for t < —T. 

Finally, we deal with the case where \t\ < T, s > T by time reversal. Write r = s — t and 
U{r,s) = U{s — r,s), H{r) = H{s — r). Then we have idrU{r,s) = —H{r)U{r, s). Define the 
corresponding observable: 



-^-S when t — > cxD and thus is 
— I'j, the commutator is time 



~ 1 1 

Kir) = Y.^2^P + ^(^' ^ ~ ^))^ + ^'(^ ~ + ^'^))'' - (m - l)(-(p + z^(x, s - r)f)''. 
1=1 

It can be shown that U (r, s) is a bounded operator from H'^ to itself by the same argument 
with U(t, s) replaced by U (r, s). The case of |t| < T,s < —T is similar. 



32 



6 Asymptotic completeness in Sobolev spaces 



Recall that we are considering H1.9|l . Vi is stationary (we denote its velocity as cq = 0) and V2 
is moving with velocity ei. There are two approaches to prove Theorem 11.131 Graf ( |Grj ) proved 
the asymptotic completeness for the charge transfer model in the sense by proving a RAGE 
theorem. Our first option to prove Theorem 11.131 is to generalize Graf's idea. We find that this 
approach works, provided the fact that each individual subsystem (i.e. + Vi) is asymptotically 
complete in the H'^ sense. However the only direct way to prove this fact, as we know, is by the 
dispersive estimate. The good point of this approach is that it requires less restrictive condition 
on the potentials and the spectrum of the individual subsystem, given that nontrivial fact. Our 
second option to prove Theorem ll.l3l is to apply the dispersive estimate (Theorem ll.8|) directly. To 
illustrate both of these ideas, the following proof is somehow a combination of these two options. 
Specifically, we follow [(irrj to prove the existence of the wave operators and then apply Theorem ll.81 
to prove Theorem II. 131 

6.1 Existence of wave operators 

The well-known wave operators are defined as following: 

n~ {s) = s- lim U{s, t)e~^(*-^)^o , 

t— >+oo 

0-(s) = s - lim U{s,t)e-'^^-'^"'Pb{Hi), 

t— >+oo 

n^{s) = s-limC/(s,t)0_e-i(t)e-'(*-^)^^n(^2)0ei(s). 

t—*+oo 

Theorem 6.1. Under the assumption of Theorem M.liA the above wave operators exist in the space 
. More precisely, for / = 0, 1, 2 and WipQ £ H'^ , the limits converges in the H'^ sense and r2j^(s)'0o 
lies in iJ'"(R"). 

Remark 6.2. The above theorem can be proved by Cook's method together with Theorem 11.81 
and Theorem II. lUI if we are willing to impose more regularity on the potentials and the spectrum 
condition. The following proof originated in |(irr| . which we believe, requires the least conditions 
on the system. 

We present some preliminary facts before we proceed: 
Lemma 6.3. Let g e Co°(M") and u > Q. Suppose 

1- dip) = for \p\ > I' and fix a > 1. Then for R > 0,t > and any N > 0, 

\\F{\x\ >aiR + i^t))e-''Ttg{p)F{\x\ < R)i^\\H'^ < CnAR + '^iyUh^- 
^- 9{p) = for \p\ < v and t'o > 0, < a < 1. Then for t > and any N > 0, 

\\F{\x\ < a{u - uo)t)e-''T'g{p)F{\x\ < i^oi)V'lk« < C^,.r^||^||L2. 
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These estimates are fairly common for k = and may be proved by the stationary phase 
methods (e.g. |Enj . Lemma (6.3)). For the case k > 1, it follows from a commutator argument and 
the fact that the derivative on the left-hand side can be absorbed into g{p) because g G Cq°(M"'). 
The next lemma represents to some extent the counterpart of Lemma IH.3I for Hi = Hq + Vi . 

Lemma 6.4. Let g G C^(M) and f > 0. Suppose g(e) = for e > and fix a > 1. Then for 
I = 1,2, R > and t > 0, we have 

(6.1) ||F(|x| > a{R + vt))e-'''^'g{Hi)F{\x\ < R)i^{x)\\H^ < CnA^ + vt)-'U\\L^- 

When K = 0, the lemma is just Lemma 4.2 of |Grj . For k > 1, the left-hand side of (|6.1|1 is 
dominated up to a constant by 

\\{Hi + M)^e-'''^'gmF{\x\ < i?)V(x)||L2(|.|>a(fl+.t))- 

where M is chosen so large that Hi + M is a positive operator. If we define g{Hi) = {Hi + M)^ g(^Hi), 
then g £ Cq°(M). The above is of the form of k = and the lemma follows from the case k = 0. 

Lemma 6.5. 1. Let < vq < v and g G C^(M") with g{p) = for {\p\ < v} [J{\p - ei\ < v}. 
Then for any s G M, 

1 

hm sup \\{U{t2,ti)-e-'''°^''-'^^)e-''''^^''~'^g{p)]lF{\x-ei^^ 

t2>tl 

2. Let vq,v > ^ with vq + v <\ei\ and g G C^(M) with g{p) =0 for p > Then 

lim sup \\{U{t2,ti) - e-''''^'^-''^)g{Hi)F{\x\ < T;oti)||i2_^« = 0. 

For K = 0, the lemma was proved in |Grj . We will follow the approach there to prove the case 
K > 0. 

Proof. Part (1): Take a < ai < 1 and let / G C^(i?") with f{y) = if |y - ei\ > a{v - vq) for 
both / = 0, 1. Since at < ai{t — s), we have |/(x/t)| < \f{x/t)\ J2l=o -^(l^^ — eit\ < ai{v — vo){t — s)) 
for t large enough. 

1 

\\f{^)e-'^o(t-s)g^p^YlF{\x - eis\ < vo{t - sMl^^j,. 

1=0 

1 

^ E E l|5^/lloo||F(|x - eit\ <a,iv- vo)it - s)) 

|/3|<K 1=0 

(6.2) e-*^°(*~^)/(p)F(|x - eis\ < vo{t - s))h2_^L^ 

1 

<^ E E 11^(1^1 <«i(^-^o)(t-s))e-^^»(*-^)/(p + el)F(|x| <t;o(t-s))|| 

|/3|<K 1=0 

< C{t-s)-^ 
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where g^{p) = X]|/3+7|=k;?''^5(p)- The above inequahty follows by commuting the derivative through 
f{x/t), by applying Galilean transform to the second expression, and by Lemma 16.31 By ()6.2|) and 
Theorem II. 101 it suffices to show 

sup \\{U{t2,h){l - /(x/ti)) - (1 - /(x/t2))e-^^»(*^-*^))e-*^°(*i-'^)5(p)- 

t2>tl 

1 

(6.3) • J] F{\x - eis\ < voih - s))\\l2^h. ^ 0. 

1=0 

Substituting 

(C/(t2,ii)(l - fix/h)) - (1 - /(xA2))e-*^°(*^-*^)) = j^iUit2,m - /(xA))e-^''(*-*^))(it 
into (|6.3j) . it follows from Theorem 11. Ifll that the left-hand side of (|6.3|) is dominated by 

r+oo Q 1 

/ dt\\[iH{t){l-fix/t))-iil-fix/t))Ho-^fix/t)]e-'''<^^'-^^ 

The expression within the square brackets consists of (l)-(3) which are estimated as follows: 

1. Suppose t is sufficiently large, then Vi{t){l — f{x/t)) = 0, because Vi is compactly supported, 
where we take f{y) = 1 for |y — e^l < a{v — vq)/2. 

2. Hof{x/t) - f{x/t)Ho = -it-2(A/)(x/t) - it-\Vf){x/t)p and 

3. §ifix/t) = -t~\x/t){Vf){x/t) 
are treated using (|6.2() . 

Part (2): Choose a > I and vi with a{v + vq) < wi < |ei| and let / G C^(M") with /(y) = 1 
for \y\ < a{v + vq) and /(y) = for \y\ > vi. We first claim that 

(6.4) lim sup||(l - /(x/t))e-^^i(*-*i))<7(i/i)F(|x| < ^;oii)||L2^//'^ = 

*i^+ooi>tl 

Since 1 — f{x/t) is supported in |x| > a{v + vo)t > a{voti+v{t — ti)), it follows from Lemma 
that 

(6.5) \\F{\x\ > a{voh+v{t-h))e''^^^'-''^g{Hi)Fi\x\ < voh)\\L2^H'^ < CN,.{voti + v{t - h))-' . 
Now by Theorem 11.101 and 

iUit2,h)f{x/h) - /(x/t2)e-*^^(*^-*^)) = I' |([/(t2,t)/(x/t)e-^i(*-*i))dt, 
it suffices to estimate 
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sup ||(^(t2,ti)/(xAi)-/(xA2)e-^^^(*^-*^))5(^i)F(|x| <T;otl)llL2^H« 

t2>tl 

f +00 

< / dt \\[iH{t)f{x/t) - if{x/t)Hi + -f{x/t)\e-''"'^'-'^'g{Hi)F{\x\ < voh^L^^H", 



f+CO Q 

dt \\[iH{t)f{x/t) - ifix/t)H, + -/(x/t)]e-^^(*-*i)ff(Fi)F(|: 



As in Part (1), a discussion of terms (a)-(d) in the square brackets now follows: 

(a) Viix)fix/t)-f{x/t)Viix) = 

(b) V2{x — eit)f{x/t) = if t is large enough because V2 is compactly supported and f{y) = 
for \y\ > vi and |ei| > Vi. 

(c) [HQ,f{x/t)] = lt-'^Af{x/t) - f V/(x/t). Since Vi G C^, we can take M large enough, so 
that the corresponding term can be dominated by 

\\{M + H,)Hh-^Afix/t) - |v/(xA))e-^^^(*-*05(^i)i^(|x| < 1^0*1) IIl^^l- 

Commute (M + Hi)^ through {^t~'^Af{x/t) + jV/(x/i)V) and the commutators generated 
will decay at least as fast as hence they are time-integrable. Note \\{p'^ + 1Y g{Hi)\\i^2_^i^2 < C^. 
The only term that does not decay as fast as t~'^ is 

||(M + Fi)-i(|v/(x/t))e-^^^(*-*i)(M + H^f2+^g{Hr)F{\x\ < r^otOllL^^L^, 

which is integrable, due to the fact that {M + Hi)~'^p is a bounded operator from to L? and due 
to (with g{Hi) replaced by {M + Hi)'2^^g[Hi)), and due to the support property of V/(x/t). 

(d) ^f{x/t) = —jf{x/t)t~^, which can be treated as part (c), using H6.5p with f{x) replaced 
by xf{x). □ 

proof of Theorem \6.1\ Since C/(s, f)e~**-*~*^^'' and U{s,t)e~^^^~'^^^'^ are uniformly bounded opera- 
tors from H'^ to H'^, it suffices to prove the existence of the strong limits {s) and r2^(s) on a 
dense set D: 

D = {g{p)f{x)i^ : g e Co-(M"\{0,ei}),/ G C^iW'),^ G ^^(M")}. 

g{p) satisfies the hypothesis of Lemma 15.51 Part (1), with a suitable u > 0. Take Q < vq < v and 
note that 



\{F{\x - ell < v^{t^ - s))f{x) = fix) 



1=1 



for ti big enough. For t2 > ti , it follows from Theorem II. lUI that 



1 

<\\{U{t2,ti) - e-^^"(*2-*i))e-^°(*i-^)5(p) n^d^ - ^""^^l < ^o(*i " 



1=0 
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Hence Lemma 16.51 implies that U{s,t)e~^^°^^^^^g{p)f{x)'ilj is Cauchy sequence in H'^{W^) as t — > 
+00, which is equivalent to the existence of ^q{s) . 

We will only show the existence of The existence of follows from the same argu- 

ment up to a Galilean transform ( [(irrj ). Since the eigenfunctions of Hi span the range of Pi,{Hi), 
it suffices to prove convergence on the eigenfunctions ip : Hiip = Eip. Due to our assumptions on 
the potentials, the positive eigenvalues are excluded. Thus for any w > 0, we can find a suitable 
g as in Lemma 16.51 Part (2) with g{Hi)P{Hi) = P{Hi). More precisely, we take v,vq > Q with 
V + vq < |ei|. For t2 >ti, 

= \\U{s,t2){U{t2,h) - e-^^^(*^-*i))e-*^^(*^-^)<7(^i)(i^(|x| < voh) + F{\x\ > vohmin^ 
<\\{U{t2,h) - e-^^(*^-*^))e-*^i(*^-^)<7(//i)F(|x| < ^oiOllL^^/z^llV'IlL^ + m\x\ > vohMn^, 

since U{s,t), Hi{s) and g{Hi) are bounded operators on //"(R") with a uniform bound. 

Lemma 16.51 part (2) and the fact that ||-F(|x| > ^0^1)^11/^" when ti — > -|-cxd imply that 
is a Cauchy sequence in . □ 



6.2 Asymptotic completeness 

In this section we will apply Theorem II. 81 and II. lUI to prove Theorem II. 131 For the case k = 0, we 
refer the reader to |RSSlj . 

Proof of Theorem I First let us assume that -00 £ W'^''^ n W^'^' for some 1 < p' < 
Decompose 

m := U{t)tPo = Pb{Hi)U{t)i;o + Pb{H2,t)U{t)4^o + R{t). 
By construction, we clearly have 

(6.6) Pb{H2,t)U{t)^o + R{t) G Ran(Pe(^^i)), 

PbiHi)U{t)iJo + R{t) G Ran(P,(i/2,t)). 

m 
r=l 

for some choice of unknown functions ar{t). Due to the smoothness of the potentials, Ur belongs 
to H^{W). It follows from that, similar to (jSU), 

hr + i {V2{- — tei)ip{t),Ur) = for all \ < r < m. 

The exponential localization of implies that |(V2(- — tei)ip{t),Uj.)\ < e~"*. Therefore, ar{t) has 
a limit, writing limt^+00 ar{t) = A^, and 



We further write 



(6.7) 



Pb{Hi)U{t)il,o-Y,Are 



i\rt„ 



r=l 



0, t +00. 



37 



We next define the functions Vr = lim U{t) e ^^^u,f. The existence of and Vj. G H'^ is 

t— >+qo 

guaranteed by Theorem 16.11 By Theorem II .lUl we have 



(6.8) 



U{t) ( ^ ArVr) - ^ Are' 



■iXrt 



r=l 



r=l 



0, t +00. 



We then infer from ()6.7() that 



(6.9) 



U{t){J2^rVr) - Pb{Hi)U{t)i;c 



0, t +0O. 



r=l 



H'- 



The above arguments apply to Pb{H2.,t)U {1)11:0 in a similar fashion. More precisely, we write 
Therefore, 

(6.10) Qermit)i;o = Pb{H2)QsAt)U{t)lPo + 0ei(t)r(t) 

Recall that the function ip{t) = 0ei(^)^(i)V'o is a solution of the problem 
(6.11) 

According to (jlTTni) . ^/'(t) = Pb{H2)ip(t) + Ti{t), where ri(t) = s^j(0)r(t). In particular, 

ri(t) G Ran{P,{H2)). 

Decompose 

Pb(i/2)V;(t) = ^6,(t)e-'^^S 



T^iV' - y"^ + "^2(a;)V' + 14 (x + tei)4) = 0, ^k=o = Bel (0)^0- 



for some choice of unknown functions hs{t). Again due to the smoothness of the potentials, Wg G 
H'^iW^). After substituting the decomposition in (|6.11|) we obtain the equations 

hs{t) +i{Vi{- +tei)i:,Ws) = ^ for ah I < s < I. 

Using exponential localization of Wg we conclude the existence of the limit hs{t) Bg as t ^ +oo. 
Thus \\Ph{H2)'ii{t) — Yli^s=iBse~'^^''^Ws\\H'' ^0, t ^ oo. Equivalently, after applying Q_g^{t), we 
have 



(6.12) 



s=l 



Now Theorem 16. II allows us to define 

:= Ql^Ws = s- limC/(t)-^ 0_e-i(t)e-**^2p^(^2)ws G H'' . 



t— >+oo 



38 



(6.13) 



0, t +00. 



Moreover, 

e 

It then follows from l|6.12j) that 

£ 

(6.14) \\PbiH2,t)U{t)i;o-U{t){^BsUJs)\\H^ ^0, t ^ +00. 

We now define the function 
(6.15) 



s=l 



r=l s=l 

which will lead to the initial data (pQ for the free channel. We have that 

Pb{H,)U{t)^ = Pb{Hi)U{t)i^o - Pb{Hi)U{t){Y,ArVr) - Pb{Hi)U{t){Y,Bsu;s)- 



r=l 



It follows from dHS)) and the identity Pb{Hi) = Pb{Hi) that 



Pb{H{)U{t)i,o - Pb{Hi)U{t){Y,ArVr) 



r=l 



m £ 



s=l 



as t —>■ +00. 



(6.16) 

Furthermore, 

(6.17) PbiHi)Y,Bse^'''^' Q-g,{t)wj = ^ S,e-^^^*( g.^i (t)w;j, Ur> ^ 



s=l 



r=l s=l 



in the H'^ sense as t ^ +00, due to the exponential localization of the eigenfunctions Ur- We infer 
from Mnm . (IfTTTl) . and (IfTTTl) that \\Pb{Hi)U{t)(t>\\H- ^ 0. Similarly, \\Pb{H2,t)U{t)(j)\\H- ^ 0. 
Thus, U{t)(f) is asymptotically orthogonal to the bound states of Hi and H2. Vj G (jn+2K+2 
implies that (1 + |C|)''+^+5y^.(^) g l2(M"). So (1 + \i\TVj{i) e ^^(M"). Therefore, according to 
Theorem II. 8| U{t)(j) satisfies the estimate 



(6.18) \\u{mw'^,.<\t\ "^^~^)||</)||h...p' 

where < p < +00. In order to be able to apply the estimate 1)6. 18() . one needs to verify that 
(p £ W'^''^' . By assumption, tpQ £ W'^'^' . Thus it remains to check Vr G W'^''^' , r = l,..,m and 
ojs G VF'^'P , s = which is guaranteed by Lemma 16.61 below. Assuming this lemma for the 

moment, we now consider the expression 

e-'^^U{t)<p = <p-i [ e-''^ {Vi{x) +V2{x - sei))U{s)^ds. 
Jo 
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Writing = r, we have the following estimate: 

\e-''- {Vi{x) + V2{x - sei)) [/(s)(/.||iy«ds 

/ + 00 
\\U{s)4>\\w'^,vds 

|sr"^2-p)||0||^.y(||yi||iy.,r + ||V2||w/''.'-)^O, as t^+OO. 

Here we note that — ~ p-^ ^ '^'^^^ allows us to show the existence of the limit 

4)0 := lime^4[/(t)</, g H"". 

It follows that 

(6.19) \\U{t)ct>-e-'^^(l)o\\H^ ^0, t^+oo. 

Combining (jSSI), (^121), (|HT^ . and (|OT7|l we infer that 



r=l s=l 



^0, as t — > +00, 



as claimed. Because l/l^'^'^ n W^'P' is dense in W'^''^, for any ■^o £ W'^''^, there is a sequence 
ifji G M^*^'^ n T^'^'P converging to ipo in the W'^''^ norm. Then for each ij^i, we have the following 
decomposition: 

m i 
r=l k=l 

It follows from Theorem ITTITl that i^i = Y.'^Li A[.Q];Ur + ELi B^n^Wk + %(t>i- 

Since the ranges of 2 are orthogonal to each other in L^(M") ( |Grj ). the fact that •(/'z converges 
as / — > +00, implies that each component in the above equation converges. Hence, limi_>+oo — 

limi^+oo -B^ = B^. These imply that converges in H'^, since all other terms in the above 

identity converges in H*^. Write lim;_^+oo ^Q^ki = /o £ H'^. 

By the asymptotic completeness theorem for ( |Grj ) , there are 4)q G such that the following 
holds: 

m i 

■00 = X] ^r^r^r + Y Bk^2Wk + S^Q </'0 
r=l k=l 

in the sense. This implies that /q = (/>o. 

Then by the definition of the wave operator, [7(0, t)e~**''^°(/>o — /o — > as t — > +00 in L^(M"'). 
Since U{t,0) and e**''^° are uniformly bounded operators on H'^{M."') and L^(M"), we see that 
4>o = lim e^^^°U{t,f))fo in L'^{W). We claim that this imphes (pQ € H'^{W^). It suffices to prove 

>+oo 

the following: 
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Assume is a sequence in H'^(W^) and H^nlln'' < 1- Moreover, gn converges to g in the 
norm. Then g lies in H'^(E."'). 

To see this, note that on Fourier side, if (M") is just a weighted L^(M"') space. More precisely, 
Wdn — g\\L'^{R") ~^ imphes that for the ball Bji with radius R, centered at the origin, 

m + \^\')H9n{0-mmLHBn)^0 as n^+oo. 

This implies that ||(1 + giOWi'^iBR) is uniformly bounded by sup ||gn||_ff« < 1- Let R +oo, 
we see that < 1- 

Now it is clear that the following decomposition holds in the space H'^ for any ipQ G H'^: 

m e 

r=l k=l 

To complete the proof of Theorem II.IISL it remains to prove the following lemma: 

Lemma 6.6. Assume that the potentials Vi{x),V2 G Cg +^'^+^(M"). Let U{t) he the evolution 
operator of (|1.9)) and the wave operators corresponding to U{t), as defined at the beginning of 
this section. Then for V/ G L^(R"), ^2^2/ ^^^^-^ W^'P' , where 1 < p' < 

Proof. The proof is essentially contained in |E,SSlj Section 4. For the reader's convenience, we 
present the details here. Without loss of generality we only consider the wave operator . For an 
arbitrary function / 



07/ = V/^ lim U{t)-^e-'*"'ur, 

^ — ' t— >+oo 
r=l 

where Ph{Hi)f = XlJ^i fr^r for some constants fr. It follows from Duhamel's formula that 

U{ty^e~'^^'ur =Ur + i [ U{s)-^V2{- - sei)e-''^'ur ds 

Jo 



(6.20) =Ur + i [ U{s)-^V2{- - sei)e- 

Jo 



iXrS 



Ur ds, 



since Ur is an eigenfunction of Hi corresponding to an eigenvalue A,-. The function Ur is exponen- 
tially localized in together with its n + 2 derivatives ^ 



V / e2"l^l|a>,(x)|2(ix < C 



0<\y\<n+2 

for some positive constant a appearing in (|3.12|) . This implies that the function 

Gris,x) := e~^^'"V2ix - sei)ur{x) 
has the property that for any k > and multi-index 7, < I7I < n + 2 

\\{x)'d2Gr{s r)\\Ll<c{r,\M,k){sy'^'^''-\ 

^The localization of higher derivatives of Ur follows from the localization of Ur stated in (13.1211 and the equation 
— -Yitr + Vi{x)ur = XrUr with potential Vi{x) which is bounded together with all its derivatives of order < (n + 2). 
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By Holder's inequality, we have, writing q = 

(6.21) \\d2Ui-s)Gis,x)\\^,, < \\{x)-^'^\\L4{xy'd2U{-s)G{s,x)h2. 
Take jo = [^n] + 1 > ^, then |Kx)-Jo||l, < +00. 

To prove the desired conclusion, it would then suffice to show that for any I7I = k, there exists 
a positive constant k such that for any function g{x) 

(6.22) \\{xydm{t)gU2<{tf^^+- Yl IK^)'^f ^IIl^, Vt > 0. 

l/3|<jo+K 

We note that the estimates of the type ()6.22|) for problems with time independent potentials are 
well-known. They have been proved in the paper by Hunziker In the time-dependent case the 
argument is essentially the same. More precisely, define the functions 

j'=o\Y\=o 

for any index j > and any multi-index 7. Using equation (|1.9)) we obtain that 

±\\{xyd2um\h =^(-l)^'\[J - V{t,x),d2{xf^d2]u{^^^^^ 



Computing the commutator we obtain the recurrence relation 

^d2'v 

{t) K.o<T<t 



|7'I<2|7| 

C{V){ Y{tf%_,,\,\+,{0) + (t)2icI>o,|,|+,(r) ), 



■ fc=0 

where CiV) is a constant depending on 

{x 



(6.23) Yl 

l7'l<2(|7l+i-l) 



> ,d2V 



In addition, differentiating the equation H1.9|) I7I +j times with respect to x and using the standard 
estimate, we have 

$o,h|+,(r) < C{V){1 + |r|l^l+^-)$o,|7|+i(0) 

Therefore, 

$,-,H(t)<C(l^)(l + |t|)'^'+l^l%H+,(0). 

Now setting j = jo and I7I = k we obtain the desired estimate (|6.22|) with k = jo- Observe 
that the assumption Vi,V2 £ Cq^^^^'^{R"-) controls the constant C{V) in ^^7^l for the potential 
V{t,x) = Vi{x) + V2{x-tei). □ 
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